Vectoe CaLc

- In Physics  we talk albout loks of quaM‘\H{.s — temperahre
e ocetormbon due 4o %mvi-\'\f, euchric frelds - +hat
Chanse Fom  place +o place ) or over Hme .

- We express +hese Ohan?)(,s Usm% derivakives , and then
We Work out laws £ eqUa,-l'\ms +hatr tell vs how Fhe
‘e qu ankities behave.

— When the wle 15 for 6orv\4;l’lnmé like +h  displacement
of s+ring fem equilibriom , or Hw oscillation of o
mass on o shmg, te shff ya learaed in smgle
Variable cale  is  suffcient:
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- Bob what pbost quankhes where we wed two or moce
Coodinates  to  specihy e posithen 7 For mshanee, e
+em?e,rm¥urc € a pt. (x,\/ﬁ on o red-m\%olw- ?\al—l u[ one_
@.d%& @ Fixed T7

7(/ —y This enad (¥=0) hild @ Conslent

J—e,mlzam twe ) shackheg @ tme t=0.
Whet 15 tem T @ Hne
q?omi— |10 second= [al—ezv’"],

- To write $uc eqn  Governig, heak Flow £ demp.  Tloy, €
nmed  to deserilee chanses Mmoo x £ N direchas, How?



- And whatr abot somimns  like a cirolar drm Wuod,
where ik makes senac ‘o vae  pdar cods (p, )7

How does P L, @ P = Z/z) ¢ = ﬂ"/.%
move uvp £ dowm’  Whot s ks
&bove [ kelow eq. @B t- 5s7

L -, Vs Haere Solwbhmvub Lke +he $~\-nvu‘a eﬂlﬂ?
—2— How do Yy ¢ dldg Shav vp?

- Also, What abat veckr quankities ke +he Elechic
Field é7

- In ts sechn welre R 4o 6e,m\1z¢ what o0
know  abok dervakves do Rmcheas  ( bor scola—  omnd
vecker 1) of moliple vaviablus | and  m difFecent
Coordinate vstems.

— We'll see Mok Hures more Man enc sut of Vde-
rivatrve |7 wikh vanass warms o Comlome them. Aad
eoch pre  has its own " Funbaventac Tdeoeewm ,”

s version of “INTEARATION IS
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- Lb-\—s %&Jr shorted.

W) Tue LeADIENST

- When we <hdied OCS, we talked gbot Hac
DierereNTIAL of o Ffunchon. Th tells ue hao modh oo

Fonchn chawges when we {',hoerL it araumunk.



Sepd)
- %0 F we have a, fnchon  Flxy,2) , the difference blk

¥ e two inpxn'\+esima\\u/ m_ar\m/ Fom\'s S

dFluy2) = Tlxsdy, yrdy, %+d4/> - Fl4y,2) N

_ 4% aF £ G T shald be
v dx + d\f d7/ d d% d 3% y,2d
az
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— There 15 loks of info here. Supposc T skt @ (1,3,-2)
pnd wmove o small dislwice ‘dL’ in +he ﬁW-\ﬁ/)

direchion : Ao Ay ol
D s TN s Ty,
_ A l\_ ~ A ~ N ~__\_ a~
d&-d&ﬁ(x y>- (rzdl>>< (rcu.>\/
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Moving m X-dr. @ y-de @ 1)3-3)
P (,%-%>

- S5 F Jau  Can doke each dervatve Jeu  Can tell wme e
rate o Fchon  changes  wham Jou wiove in any dicechua-

—  Anobnar oy o bank of s s o iMagme Vo start
@C some pt- ‘PY L moe o infmitesimal dstanae L tn a
direchon srcol(—‘md )’7\/ Somun  UMIT VECTOZ w. To make
-ngs easy, leks s ok @ o Brmchen of xa:\/.

da% dF - - -
d‘;?]P } (M, dL) + Fv Px(uyd.t) e dL- dl(“xf*“y‘/’)
af 4% " Devivelve of % in
L-? dl B E;lp Ux ’ d’;} %7/ e e dicechen e
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- Maylu \/w’\/{_ seen e called oo Y Digecnovac Deeivanive ”

is dir. denvahve @ x= 1, \{:Z m

1’;1_, = — ;{ d\r‘
1’/‘[_,‘ {/ du‘
~ 1 ~ ~
n = ‘I_:Z:b“-Y) cire

(0) dL=dhiv =-dhx = dx= -dL dy=0

d%(1,2) =- 711 dy - \%dy =-4 dx -dy = vd L

> %L = d wm b -% dire e Makes sunac! Floy) g6
(1en b|8$br iF we shack @_ LHL)

émovﬂ_ w —;( foStad

) dL = dhin dLy = dx=0 dy:-dL
d":ﬂl,L):—"{dsl—dvl = -da

aF _ 3
> 5 o =1 wm e vy dir
1 . - _dba dle B . ab
(&) AL =8 - N r_—z—\/ S dx=dy =
__d _ L __ =
A§ - _ E__ . _|_ o I
= T LIIL)— G e E(Xu/) direchon .

- Nou, thures an  easier Way b rao\— G this info.  Humor me
fr o woment., To move 1o an '\nﬁm'\{—esimallq Mﬁfb\./ ?o]/\)—/
wWe  follao some ciﬁ?lau.mwu\— vectr AR = dx &4 d\/x} vdez.



- What cold we combine witu Hais veckr o %d: e
scaloc quankhy dFlvy,3) T That 1s:

a% - dac, dj oy + Ede = (axady§aaei)-(7)

- Akl We catd ot AL b some  veckn thng  whose %, 7,

£ % Componanbs ace b dervakives of Flvy,e>)

dF = (dxfrdygear®) (¥ G5 & 157

The GRADIENT of Flxy,e)
— A shoder woy o wete s s dF - 4TV F

- The nokation *TE' is dwe o MaxWeLL.
- This makes W+ r‘za\\\/ MC'V b "Uz,h +Hhe direchmal  decivative.

[iven some  diwecho W : frad 3

4% ~ _ < Pick & dwechon w £ ewl.
- = Ww- (V?) s ths @ somi specibie phe
dﬁ-’ t (\Ac..-‘ \{':-nl €= ..-) ‘}'U %{,‘{‘
Unit vecker dire dre in Fhak dwechen

e ok ?mnl-a

E)_ﬁk f(\‘,\/,—l) = Ay P,_(x 1 )%7’ Wl A = Conslank

s —(xtut) —(yhyt) A
V¥ =—-Z><1"AeLXY> -lyzrhe LXLV)+Z?;A&¥V z
W= % @ P=(4,01)7
. N YA T
I %3 = 2xarAl YD)
(- 7%) s -3z A



So e :amoliu\»l' tontans  odl e sanme inlo as e Ailferenhal.
Bob since s o veckr | ik alo kells us obhr Haegs.

For inslance ,  since al £ V% ae both veckys:
dt = d1-¥F = 140 7% %ﬂ_[,e—ziub A2

. e v%
Cuance m £ Mné: o Mag. of
ax IvZ

S0 +he change  m ¥ depends on e dwechon qoo 2P,

ond here  we See tob sha vp s a P of cos.

Ths s lar%cs-l— whan d =0 — whenm dL e V¥ pornt

in e Same dieehon . ln obher WGrvls) C any FL WL
Hu Laesesr dF by Movings in e direchon 'Fankd

ovk \a\/ 7!

The am,g\'\e,nl— of & Fwckion contons @l e info  rbouk
how i+ Chonges in each dicechon. £ we move &
small  distance di ) Flc (‘,\/\ange s dF = d:(i: (.

N""") 10“62'1' %.mdlwl)cg R & moment i 80 back o Srngl&
Vaviabke cale. O of +Hhe most imperkank  cesolls oo leavned
Hure wos rda’n‘mel/c\[; blt '\r\}e?jmls £ dervatives  tvatk e

Pmbauv/ talled “ THE Funparenml Tuum or Caccows 7.

B
de Ci:((") = () - (A
A — —

dF0x \ HD‘H/I.IV‘A oo d-e&‘;‘ Add up all He

1
n Siff-
6 = F(B) - A c\'mggs n ¥ ble AEgB ot
§ X,d-;ﬂ )3 erence. blit F(B) £ F(A):

A



- %o o less evcH—mra buk -|-o{-mll»/ eﬁ(\j\valuﬂ— stakemant of this F.T. is:

£
fd? = I - Fpo
A

- Bu+ now.w5 abok tHhak refens o an w-r¥is or oo shaisi+ ha! T4

Just T Add up all e chongs ia ¥ £ oo 6_0- +he tolal chonse

n 37, cight?

Well 16 T move & small Linfinitesimal ) displacement 41, o
Funchon .T()l;“/,—&) Ohaﬂgts \m-/ div’;) s0

jd? = de (T3) = £(B) - F(AD

'Dig?l. S ?J-, + Pl- a.lav'b T
7\ Whatever patn P T Bllaw  Fon
2 A o B

~ AN
(53;7;) -— FUNDAMENTAL THEOREM
Or GLBADIENTS

Add up all i thanges v F along
o ?AW Lo A Jo B, \ev Ze/\— e
difference ble F(8) £ M.

Cooews [%x,%, 280

- The 1o fealls/ e samae -H/uwé as +the F.T. \.{ou’ra a,\ru\du’
Familiar  with — Sum of cnansgs = okl change . Welre Just
O._Adiné +hem vp (Lloné Somu \74\4/\ Haak mybe_ 1ontd o

sifmlg/\\— e Lk He K- axis!

Bl Fore B appied  along  some ?a\’l/\ P & Yo B7 Work is-

W - Eii- > [ Cmerabve Fanee F2-T0 5 W, = -ju VU = Ul -Ule)
P L \Vanes —
A Non- Cons. Foree: Dl;‘umls on ?;.lm Does not c(-t.\umd n P,

Just on A £ B



- Okay, some of ths 15 shlf qwive seen beloe . Bob whot if
T gove s, say, @ Porenmial Exegey 1a polar cods  What

s d+ha Pnra.? Poov do we evawle +ine

/( amdich in 'Falar- Coords !

Ulp,$) = F=-TUlpg) =7

- Lebs r back 1o o 6+ar-kv\3 ?o\rﬂ- fr e armc\ed'
d4F = d2- (%)

— Nokce +uar T'm ok (éCerr\‘f\-% bo coordinates oe! The
statement s he, feriod, no matHe— wWhat Coords T vac
jo describe '{’Mwugss',

da% 4%
dF = &5 d9 + == 4
dq, ﬁ[l dq‘L Tz

Justk a shalemunt abat &
/ fmchen of 4wo voviables.

- . " o How we write AL ia an
a L b dq, e + h,dq, e, ocs (4,,4,) | sealL GAG\:fs
h g he, wit vechrs €2 &,
— n
7Y ¢ 7
V¥ (D& +() er = oy Ts o veche , 5o i+
hos Comp. tn &, & &, Aechons.

\1

-dL T 3| V- LdEp L dE G
cl'f £ vF \"| 3=, @l + l"; qu e,
— — )

OLeaDiEnT In Al OCS

— This makes swme physically . The €A/| Comporunt is o
F Changes whum we move & dstanee  hy dg, w1 tab
dicechon, and likewiac Re b &

= af - \ dF

- Porz: VF = =0 r — =

de P P dd 95
SPL: V3o, = ST ¢ ¢

, co m?om/m¥ )




Y A Vecwor Dieregennal OPepsorw.

So welve %04— $his 'H’“"‘E called Yl %mc{rw}— ofF % 3.
What else can we do wth 147

Belore we by 4o answer tnak | lek me make a §u8%<$|'\'m-
We ofren talk ababk tae decvabive ge & W were s
oun -H/un%. That s, well refer b Vdlidx' os iF ab
Were  one of +the modthemokical Ob\')ec{'s Wt emcamler

in ow wWwork .

Bob what is dldx T T+E ok o Hhing e same ay
that a0 number or a bmchan 15 o thing | risht 7 We
Miggb el abork e value  dhak d¥dy tokes R
different valves oF ¥, buk we'd nover tnle  aleuwt
Hue valwe of didyx ikself.

N01 it's more like ‘47 o ‘=! o Soma  other Q?,eyr,‘hml
Tack of its mLoning,  Comus Fem e Lk ik i+ as
+to OrPepare  on somudng

So we call dldx on Y OPEERTOR” ble i+ 15 wmueonk 4o
operore  on somathins, That 1s, park of its meaning
i Hatr we Feed ldx a Luchon FHD g 5ives us
& relaked Fonchom  we call dFdxw

There are Mansy dittecenr Lkuwnds of operadors | so iF wefre
being  specifc we'd  call digx o, DirFgredtiac OPE-
YeoE .

—_—
Lil:ewiﬂ) WE Son ek 7 is o Veerne TDFrrFezeNTIAL
OPegATOR.



- T4s exacHy what s name muansl We Feed it Lonchons
(60 *= an o«l;emlor) £ ik reluns a veckrs woath of relakd
Fchen  viae ¥y, £ & derivatves.

—)__'“'d_—_ f‘—d—_ hi
v LW +7/d\/+;’d?:

- %o ths Moy seem o bit abshact, and i+ 15, bub ks
vackul ble it hlps us undecstand  wWhat else we can do
= |
wl 7.
~ For examplc , what ¢ we had o VECToR FiELD 7
?,‘sbz,q,z) = A leye) X + AY Lx,\{,%)C/ v A 04,8 z
le +here o NI Hat —Y)7 covld D?MOJ‘L on  Yhed "

— Well, syre. Afker all, T is “vethr— like” T+ has compo-
ks (ke a veedor, its \')J%l' Hakr each onc expects o
be "Fed” o funchon. %0 how weld we combiac it w/
& vecke field? Same woey we'd combir  any  Hwo
vecltors -

VR o- TxA
A s
' DIVERLEICE / ‘CumL!

4 Tue DIVERGENCE

- The Dwersence of & V.F Aloy,z) 15 & Seasr fncho
that  we bul Fudlvné s Com?mw\fe b M deriva-
Hwes of V¥ aCCordnv»b o e do— F.oduu{—



4 S - N T .
’(AW‘*Ay‘/*Az?—) S Feed A b Liek,
Hren dot resold ko ek

Yk %§=k-g=0 \&CAQEAFUL_ £ %=0,ek, |
- dAx _ dAy , dA: bt s & %0 for Some OCS.
d x \/ S

2 VA‘Z—;—+dy+E—%;—

- Thss 15 Y dive in Carkesian Coords, In OCS +he
dednils  will bhe different bub Fhe idea s e same:
Dervarves of e Componuns of A (ond scac Fckrs )N
an OCS) are added b?).drwx ) poduce & Seolar fne -
hon -

Bd A= xyferyty e 5d
- —— i
Px Ay Az
< R d d z d Xll
- ;’)2(%\/) + 2:/_(27’) 4—;%_(,2%)



La.l—e/} we'll work euvk how 4o evalvale %:& in an OCS.
But -Fms#, wWhat does i+ wmean 7

The diversence has . simple £ really vachl imberpretstion.
Pick  some P}-,. £ .IMA%N\A, on  infnidesimal  volume 4V
promd ik, £ V. A 70 @ Huax FO'M'/ more. A is
emLrsing fon 4V Fhon aams inbo i+ £ "V"Z\AOI
#s the reversc. And F ¥ Az0, Hun as much

',Zi {s e.mxx?jmé as s amvu?j in:

7
'5 B
V-A<o A

=0

Justk like +heo %ma\'lar\\: , e Di\/er'a—e/lu hase its own
“Fondamandanl  Theoem. ! B b shale i, we nud +o
remind owseves of a feoo “H/llVlaS abost  yolome £ swhne

'I /ﬂ'eaml$.
— ITNTERLUDE —

A surface 'm"-epdml visis every Fo\v/ﬂ— on & sur—PacL)
mul-l—'-?l:(,s e value of some fmckion (4he 'm"-eamnc\)
lo\,\ an inbatesinal area. da, and adds the resold to

i Jal.
0o Funning o A clored swhe has a

Sd . §L/}— debmite  insida € ovtside.
o or da CuoseD

A )
s s ) i

T Dpea surfuces don't have an vwam\a'-auors 1nstde [ootside.



= You nuwd two coods ‘o descrize o pont on & surface,
S0 0. Suwrfuce otespal &lways involves mlreﬁmkn.% over
two  Variabls .

S: Dexe Lx) O¢y < Ly

z
L L
[ Area = ‘(\da = \ JA Ziy
1
y % l,;/ jd% Y,L*/> de Ly
d _ L
A@% &Yam =Ly [ lo¥> - Lty

{

What if we m4—eﬂ6m+a 'ae(x,y) = xy? ower S7

fd” f ffi\/w r (32.7)

be o
T b

- de z % Ly = ?‘9- xZLf L;Lf
(o)

(o]

- The vecln oacen elevunt 4@ is Just da on +he
Surface, mo lhplied by e NoemaL vech-:
da
For o clowd S, n ?om)rs Fom mseide 4o osde . For an
open S theve ave two chows £ we JpeF plek one

da. v

n

For +he suwrface Qbove, \'/\1,\ coold be Z o -2,




- The integal of AR over o suckee is called
b Flox of A barush fhe sucka TH a
measwe.  of how much Z\ pasaus  (cross e sur-
P ] I Eobiads

gilﬁ“t% jda"A 59‘”"A foctork  Concephl!

R GyAUN s s

~ For a closed swhlace , o~ Pos'\l-wf; Flx weans a. vk
Clow oL A Fom msde Jo ovkside. For a negedive
Flx i+s e opposite . For an open Sucdnee oo
positve (nuda&-w&7 flox wuans o ek Pou of A Bom
ont side o b ot in Huw dwechon of (o opposite

o) Hee normal.

~ For & \Vowwme InTEgeaL we visik every Foml— inside
Some.  %-D resion mulbiply Yo value of Some fmchan
@ Hiat PO'm-l— b./ on  inbniresmal  volume CW) 6 add
Hik b a runnin & bolals
— Voumt dement-
j;/d\/ ?&- i/“l'e?'smwo\

,&'FQSYM

- We wud % rards bo 6‘755(&/ whare Ve are w1 Soma
2-D region;, 50 & \olume ‘m+e?5m\ rlways involves inte-
%m}ma over +hree viariables,



% Déxtly, OEYELy , DS EL,

j‘d\/ J- gd\/&-dz- Lelyly v

Lx

Ly
7’ MJ vp all -H/ug

(e N olomes - - ‘{blmt vo(wvu.,

(

|m4—eam¥-e Flxy,2) = X\/%3 over V ’

\ Tiis |
fd\/ ¥ Jiclxj j\d% Xy 2% = o L;L;L: <«

— For nom- Cactesian surfans £ volimis we Usvally yac
o suilbnble OCS Pemumber, Scale fackas celare  +Hac
dqc o disknees:

qsz Consot
da= hlhzdﬁldﬁz

ql= Const,
\/ "‘uhlhsdﬁ,dﬁld‘g A&= hlhséqldtfs

q\ z Cnst.
A= hh,d4q,ds,

— END INTERLUDE —



- Now back 4o +he c\\veraenc& g its fmdamentadl Hreorem.
\ma%me_ some  3%-D region thot we'll call V. TH's surromd-
ed 171/\ o Surdace S, and Sincc '\/ s mside S iF muek he

Yhat T is oo CLDSED surface .

- |f we add up AV 7 A -Fz/ever\/ likHe  dV  inside \// Hac
cesolk 15 the FLox of A throsn S

- = S - A\l © dis
K-d\f V'A = §da"A N
v 5
This ¢ kaown as +he DPWEBLENCE THEOREM.
Exl A = xfy % r 2yty P XYz 2
Vo Cobe of 02%x<L,DeysLl,0¢24L
Show  +hat Hw Div. Thm. 15 drue B this  example.

t d\/:dxdyd%
V-A = Lxy 4—27’% * XY
= 3%714—27/6

. [ L oS
L lav 7-A fjde'dy yd% (3><\/+Zy£> = —E-Ls
v o Jo ‘o

Closed surface %rramdma V consisls of
b Squaces:

(1 x=0, 0¢y2¢L, d& = dydz (-%)
(2> X= L, 0cy2cl, dd = dyde %

(30 Y= O, 0£xzel, dit = dxde (-¥)
() Y=L, 0exeel, di= dxde g

() 20, O&xyel, A = dxdy (-2)

(¢) 2= L, Oexyel, di = dx dy z



Flux Hhrovghh side L @ x=0
de - dydz (-3 }da-z\= O on side 1
Al0,y,2) = Ox+2y'y+ 02

Flux throspn  side Z @ x=L

di-dydei . g bR Uydide
Ally2)= Ly v 29y"9 s Lyz2 1 oanadez
L L [ L
2 A = Ly = Lt Loe[) . Lo
j\lda.-A = &{ELAV Ley =L S:!% (3 fb> s Ld%
. LS
- ZL

Flow throvsdn side 2 @ =0
di. = dxdz [-9) E i A =0 5 No Py
Alx,0,2) = D% +Og+« 0%

Floe +roglh srde 4 C Y=L
do. = dxdz g
ﬁ,(x,l,,e) = L»<’L>'<+—Ifz§4— Lxzz }

> 3 _ Lys Coeee |
S:{da,A = ZL &

AR D - [ dyde
on srda o

A\eo 3{%5 oo
Flux 'H/lra./gh side S (@ &=0 e Check Ynes \

Flwe 4’hruu$14 side b C =L

iow = dwdy 2 . R —gdb’«-z =[xy dxdy m side e
Al L) = KEyseyiLy «Lxy 2 Cuece!
L L .
d?LwJA = Lg‘dxgd wy = Lefiet)[ir) = L5 ol
fg e (ay s = L(8(b) <
ToraL FLox: FL LT bl =L



\r\/le/ % Hus b 7 Vel ow Wllavunz " R e dwersence
how i+ telle s whithor move A % Comns, ouk of o
6131(1% b an infintesimal  vdome.

Now ohek +wo b%ﬁ+k¢r, and add up P\ ﬁi fovr each. Then add
* ?’—d, o Y¥ et

1€ 7 shave « fuce. Am\/ -Er Posomsy Haogn
that B ok of 1 dhen prcs ate Z - Thow

Flures Conee|,

— Al +H Lluxes mvolvunb Commen fnas  Conce.
So all Hats Left s Flxes +Harowssh Hu ovter

%.CLG

Add enarsgn of s dV's g o Coamr luild
’ any volume V' Mk Ny wank, And +he sy

—Faoe growd it 15 pet +h Youter facs” of all
Hue libHe cobes v vad. So:

E{/vv-A =£clal-A

For on exampe like +he one we jusk did — & cube -

i+ made semse 10 work in Coarkesion Coords.  Bob WShak

W we are (,\)m'lomé Wit SDrM}thé like a (L\lmdz.(? Or

wWhat i€ Wwe wwed Yo evduate Hac diereenc of & vechr
gen m SPC.  How does Huw d‘lverode,ma Wwovrk i a

gonwral  OCS 7

Ear—he,r/ We¢ Saw +that 6 m on OCS was é'a«‘u/&m 57
IS N { A _l_ N | d

4 14
V = €, I’Ha%—, I/l dﬁz + 63 l’lsdﬁz

How does +uis ack on  something  like ﬁ:A,g{+Ang+Asé57

r e,



- The lmpor-!-afﬂ— -H/una o revember o Haak &% é;, Moy nok

L
be zew, like it s in (lactesian Coords.

— To keep Hanse <imple leds work i 2-D. We wank o ewal:

|d' z hLdﬁz
- ¢ ~ _d,_..A‘ 6 + A é_:\ L é_’é‘-é e l 9{&5 >
= & (hl a9, “ h o 'dq, i h 44, 1 h\ALdﬁl
A L dA I ae L dhe » ! ae >
re.. | — &= s AGs e, L A CE
L (l"z Q! Wy ! z 149, "t h Ldﬂz
— HL tnow (’A,l-é, = 21.22=\ ) and él-éL:O, B)L What  albest

é( or 21 doted who ém\n,e,-lft/u.r\?5 like de, /&qz?

— First , we can sha prety quickly that  somcbune like

él. (dé, /Aql Y=0. éu'é."‘ Dar. o6 & condort
(e 1% gero-
a ~ I’ % &
£.48 L33 ) . L21) -0
| dq, Zd‘ll { z dq,
- —
Cluck: = i(%"al+al'§%
egh

And Hu same fpts fr 2, (d2:04q,).
— Now what cbot Yerms like £, (deeldq,)?

A de A 4 g7 A<\dhldF |d1?>
& dq, -~ 6"5%("'151,) = e () dg, OTol—L+ hy dq,dq?_
. »
I L +|,_a_(4_r>> Orier dotsn'+
| he dq, "+ h, d4,\ a9, mokter |
o) = o
| h, 2 2 3 2 .A/‘-’: e
g EE e b (e g e
_oudhg £ oy oy FETO ‘
= e ’q—bg/g‘ + Iy e d‘]‘z bs above !
A dh
= hy dq,



i C“’l( é dél

NIy R
bl A LA LR B )
=R AL s ALE E
= o & (mA) e Ay

— %o, fr mskana, in Vouse leomps W/ hp=l £ by = p
e 6.&‘[’,,

.P

- dhe

V-A = —lg‘f’(fAf,) + —f‘;d(;(A¢>
i A
de T f

L dhy
P dg
- Nokice +hot this is ot dAF/dPJ,dA%/dygL

AP+

-—

- Joust like +he grachent, +Hhe  divergence  incorpoates
Mo scle fades of an OCLS . Yo cant just add

Up dA(;/qu- as n  Cortesion cods!



ln 2-D ik +hw same dea, thosh we have to N
Gbot botn &, FCulda g 2. 88/ ek, The fnal

resuld s:

= =2 |
VR (£ (k) + A CAL Ry Ashw)

To obtain +s we vsed +Hio —pol\owmca resulks
which we’/ll vae acéoun lot\'e,rz

5,88 _ 1 dn s dey _
©odq,  hyoaq; ©aq;
—— ——

Assumus l}?ﬂj) Trve 'GJWJ‘\. W\)-‘ﬁb

Ex] SPC B, @ w/ h =1, hg=1, hy=csnb

= R | ! d d
V-A = e (ch; (rlsmeAr> +d—fé(rsm9 Ae> 3 i3 (r‘/\¢> >
L—r———J '_V—J L
<inb c—[dF (FZA,-> ( m® A9> r _i%é
_ 2 | A
va - ;I(FA > rs:QdQﬁﬂﬂ@Aé)
. d Ag
rsm d @
Cugce: A= UF+D6+0@
— = _L_ -é_ 2 _ 8‘
\ = rodr ['LEr ) T

A
L
]
od]
N

_ XX+ y+ i K"()@_’V‘-Xm’_ﬁ

- = .
\J Wi-y Lrat Cartesian J’(L"‘/l*?}




Tue CozL

The (CorlL of a V.F K(x,\/,a) 15 & e VLE Haak
We adz)- 197/ P&e,dm% I Componunts of A Yo %
acc@rdm% Yo M s Lo -I-D\l&m.% Q. Cross Frodud-_
Yecall Hnok
Bx A = (B A, -BA) &+ [ By A= A,)Y

* (gx AY - ];\,/'AX):Z
So in loartesian  Coords +He  ComL of A is

—éxj& _ dAa dAy)X N (%A?)(_%é\—é>9

d dAx\ -
+(?§<——_dy <

Exl A - _7><+><y+o;

)

%XA= ( o) - K) §(+ Cy/?’)—-’(0>>\/

M) /(\/)>z =

As we did w/ the diversence , well work oot how fo
evalvate +he Cwl n a %e/wra( 0Cs. Bt Fer leds lnlk
abot  what i+ meons.

The o\'\verawoc oo VVF. @ & ?mnl— tells v whubur more
V.E 15 comnsg out oF or 20" wto & diny regin arowd
ok ph The Loz, on e obae hand, +ells us iF Ha
Vet has any"ro\uhm" or ‘curlinss”  Gromd Yok point.



- Vewmumber: ?x—& % & \B:Q_w, n ow e,xawt?u_ W was

1%.

The diechen of Hus vecto gves Us an axis and

its 2ign £ magnibde  tell us M 'amank’ £ diechun

ot +he veckr Felds cwlmss  @rowmd Huck axis, (@

Haak Fomir,

- & o Pk o~ I humb a_\onca the avis, o Vecle-
Field has some “rotahan’ o M Ciccvlobhen ” qround Hw
axis in Hue diwechan of N ow cu-led Qmoexs C Yok

'Poml—,

- Cmeicu_r +h example  we Jus(f Wwovrkd oot Lo’obwu%) douwn
fom  aboove (He Z-owis is CDmmb oot of M pose) H
V.0 looks like

Your +hmb  shcks oub of Huc

— N\ -
/AN piyes and © ang pout e
*, l l{r}rT I k- CCodiuss’ oF ViF. armnd
\)\’ N //'1 \/OlM ‘Hﬂ.uw\b @ -H/m\,l— 'Foult-" s CCU
N,
4

— Now leks be a bit wore preciac fma.ramx_ & -l—'my (infinites-
mod ) 'Fod'dﬂ of area qromd @« ‘Fonﬂ-\-, Wit grea. dao
¢ romal (perprdicilac) dicecton . Thun di- (T BD
15 bons'ncm\y 40 . A added up arome Pgﬁm&&w

of thar [iHHe Fo»}dn.



- Hews what T moan

"
W d- (VxR) ~ 2 dL-A // % 4l
- —
Tdo 7 'R at

Flox ot A rCv055 Add up d]:z. aromnd
tiny f?a\—dn of surlace e ke

— Now what £ we shee hwo of Huac LiFHo potehus

7 c
‘l'D?jLHu,r, N
A
é j The dL-A O\Jon/b H

A L - Common ed?e_ comneds ook
7 - 2
blc dLL =—dL, there !

K r Pt

-7

%o if we add up A (FxAD / v
e hwo od yppcent Pa)—clu‘; ) 64,b | m=
T dLl-A oromd Hiee ovke B

'anMA-I’-@rl L Sur-rnu S

- As we add more £ more we can build op an
swilace . Adéin% —]'Dé‘obﬁvf da. (Y—?xz\’) for  each -Hm{
= —
Palfcln gives Us the Floe of T xA ocvoss M su-

p——

fnce, whieh 5 equal o AT A added op oo
2 pennder e STOLES’'S
‘ Saa. (T<xA) = 3@@1. = TheOEE M

’ T | N Perimdder o6 S

i CLOSEP.




Bd A= wyzsayrey « (2w +32%) %
V<A = —yEk s lxy-2) ¢ —xz 2 e
S

Cuece!

x=0 , O£y,z&L

L\% o /— The ?cn‘-vwl-cf o S s o Square

W/ Sidis
(7 %=0,y=0, OLTEL

(ON
[2) =0, y=L, 0275
(3 x=0, 220, O£yl

7 () x=0, 2 L,0fy 5L

(7 Flox ob TxBD pcows 57
n ~ . = - ’”~ "O o Or-—
N % £ TxA = vk R-eY e
2
z K—éurﬁl hos %=0 |, but Cowp. e

want owl\/ dLFMds wn .
G (SR = -yt

Eda, (%xi)‘—‘ —‘(cli—?; g\éy \{L = - j\;% (15"/; l«) _ —J‘:R %3
> Jo 0 o o

N s %, o /IA/dm\'\vL Llox muams

-2 n. (JV%_A> = -—7/

N

= - .!- L'-I' &«
3 Cvossins, in =X dwechen-

() \M—e@—ml of dlz ourownd F&mwwl—&r of S7
(D X=0,y=0, O£2¢L = dl -dz 3

Rl0,0,2) = 32*°2 = dL-A = 22%d2 wm =ide 1

L C
d %-25 = —;’- 4 = E— “]
fo% 0 * o Y L



(2) x=0, y=L, Ozl

dy = - dtz }di-z\ = - 3z3de
Alo,Lz) = Llzy+22%2

L
j-d% C’%%”) = — % L'4 \ t\lo-\’\cc Hu dv. of Ai
o on sdus 7 £d, Yo

Move US Rromd
(3) X=0, 2=0, O¢Y£L erimder in Hne

dﬁ.-—du}\f

1 = v S rI‘F(‘sbd—— dicectrza.
R }dk’A:O
A[O/\//D)z O

(4) %=0, z=L, 0<ycl

aL =9y %di~§= —Ly®
A(D,y, L)= L\{Z\'/H—?bsi
L . \
Ly = _ L N R
[ty s e 30
7.2 = 2,4 _ 2.4 L S
Laﬁgdﬂ,./\ qL—qL+O—5L4 = 5[‘/

- A special caac of Stores’'s Tum i GREEN'S TaM.

~ Consider a V.T. A= AXX+A\/\/4—Oé g let S be
L swhnee in Hw X’)’ ?laru_, 1) §1= -Té

qu & 4 A% & dAy dAx
VXA _CT%_\/ + ( )-Z

b j;d'd’,- (VxA) = j\d& (ii" - g;:‘/_’f
S



— Sinu_ S s wm dhe Flavu._ ) dl:dx§ +dy€/ on iFs
?&r}m,d—er—

A
} dAy _ dA
L J(dxAxJ,d?/ A\/) = ded\/ (a—:/ a_;’f

t (reen's Thm as & modhewmodicion
Would write i+ , wWhich s 3\1% on
a..FF“Cﬂ.‘h’m of Shokes's Thw!

- Now, M swloce € ibs 'Fer'tml-cf N o last—
example  were  eas o duscrbe In Cocbesion  Coords,
Bok what F welre  Considering @& swface o VF Haak
is most (ﬂeily Srsedibed 14 sonu  eber OCS 7 Hew
do we deke e cod n g gewml OCs7

- That is, what do we gebk whin  we  evalvate:

A.—‘—d L 4 " _L_i A A A _ 7
(e'h,d:]_)"'ez h a—%zat-a; h;‘iﬂa) x (6'A|+€,ZAZ+ 63A5> =

YA
- A5 w/ -H/\—L_ Gl'\\/) ‘!’l’bL main —H/m/\a -}‘D \.Ja\—c\/\ oul— Q.» 15
Hue  decivatives ad—M% on +he wnik veckrs. Toabher—
+han workme, Hus one Uk in deled) , welll qquL-Hpg

Cnal  resul}.

- Firok) it5 mpotant o make sue we present ous
OC5 w I Correck order: The ynib wdhos shold

60"'151(:./1',
S A I r ~ a I A N
8,)68 ZCE E. X & = @, (‘_7,5%6,-—-2,7_



- Then +he cud of —A}\ in an OC5 js:
= = A 4 4
VxA = e o (dql("'-%A?) —@(MLAZ>>

2 4
ey (G ) - —i(hsA;))

re, lallh (fﬂ, (1, 4) - dq‘z a, A>>

— (This esu\t £ Hu e pressions v div, qod) € e
leplacian  all hae a a,e_om/ulv\ia explorohon thaks
muclh nicer  than \/a/’c{ Syess Lo a ‘brote Baee’
decivohon , bk we dont have time Jo 50 inbo
fhok  level of defeul, )

- Ano-\—lruur Common ua\/ of wrihné Mz tvolves g dudermirant:

VxA = = 2 4
hhghs | T 4 da,

#omB d
+0 ‘ (A(A)’-é_(\_le@A >>
rsm8 (dg ‘7 dr ¢
~ d
13 L (E A - S (00)
o . L [demeAp- ¢ L dAc 1 dlrAR g, L [dlrhe) dAA\ g
= VA = rsme< 46 d¢> (rs»ae i " F a- 0+ '_(_C?_q 'd‘é>¢



- Levs vac s do work ovk- gn exampe of  Shokes's Thm
n Spnerical Plar Gordinobes.  For e vif welll vac
A =008+ 1¢ |, £ b tc swhec we'll vac
Hw top half (Uﬂper V\Lmis?l/uzfe) of & Sphiere of

ractivs K| cemdered @ +re origm.  wr 17
L V4

e S Surkuen s r=g, Oée_L_T"/Z) D& g<rr
L—-— —

c £7 Al F"’ Sa?v:ﬂ-l_ dust. &ﬁf Eg(_}o-ﬁ
Z Fum g sphre

‘L\ K_ P Peimber 1s Yhe equakr: =R, B-Th, OLFLTT
da= Kzandch = o
"Tag @ = 2dd 3 l

Vx A = ( (sme 1> dﬁ)>r+&()4%)—j:)>

"*\

fat o0 - 54 [ s (28 7 5o

rr71 ‘4 Icose— i 4 Vs
J-dqé de P P! ,Srﬂﬁ" = E\;iqf Xf@ Cos

n

= J-dqf ZSM‘B[ = Sdfé £ = Ik

N ovo lﬂ“’f,@ya:"mé dl. A oromd  Hac Fe,r'nvu}er‘

,,o'

-0
&dLA jdqézqs (oﬁo,dm;ﬂ fa:ﬁz Zre

—_—
This 15 & Swmpl vechor , buk ik had

a"Y r or B é&F'(J/IdLmot_ we'd e careful
o ek r= g’ D=



THE LAPLACIAN

- A\l o Favorite Fhv\eiu‘; eﬁlua,‘rmns involve 7,"‘/4 darivekivnes,
For exomple, +Huw Wave Egn

dzi(x,w v A‘X(x,{—) - O
dx* vt dgt

- NON Hapdk NLI\/L ae,\/do?-&d -H/[ls noo‘—mm O'P . ML)I,'H"\/G\-V'\IGB(/L
‘Veckr-ieh! derivative | we  shald  ask  haw W misdpk e
Gpplied fvice .

- There are mulkiple gnsisers  here, bob welre doms; o
Bocvs on one of  Hrew,

- 6%7]70& we have o scdar fwchun. T cwld be Hac
Lw\zh—\— yipg) of o powt on a vibmhna drom hund,
the temperdue Thoy2) @ o pont m o slab of mibl,
ovr Om/-‘“l/uvvé,

~ The GerpiENT ot Has  Rnchan 5ives Us & Veldor -

7% 2y 22
Sy - DY 5. LY g

— Now how covld we Jake & “gecond” dorwetve T We now
have oo vecl— s0 we codd  eitar ke s ol o its
diverg,ena .

—_ But Yoo con Chuclke F(LH«?I q\/ickIL/ Hak %,4 (?T):o‘.

Se(9T) = (2T _2TN o (2T _ 2T, 5 (2T T
Ve(VT) = % ('ayn “owy) *Y (m'bx Toxoz/ * 2x0y  oyox )
\——V———'

=0 by “EQuauity of Mixep Trenals’



— S0 Vx(FT)=0 no maHer what T 1. And Hiis is
fwe  no maber what  coordinales  yas're vowy — i o
veckar 15 Zern in Lackesian W can't Somihow e -
Zevo 0 DhHer Coor-asll

- Tl/u's leave.s H d'n/er-ae/ﬂa_:
= (S R o N s = b
V (VT> - Z)’(’L + d\/L d%.,_
~ We call Hus Huwe Lapaciand | after Reat —Simon,
marquis de Laplace. Tk s ty pically abbreviared
e \VZT/, and if +he Lc«?\aclan of o fmchen
is zoo we call that Cloplaces  Equabun -

T - (o = e P
ViT=V(0T)= §a- 55+ =0

c\y?—" d=zz
Ex| Evduate ‘e lapacian of  Flxy,e) = xty? 2
f{;( F= Ix yse‘%z g\ff:’ - 7 \/5&—%"
C% 5 - Ixtyte® 2_@_3;— AN e
jfz $=-172 xzysﬁ‘ZL ﬁ;{ = -7 xz\/sa-a"‘ . 4é1xzyg[qj~

L VS - (Zy%+ byty - Lyby®+ ulzzxz\/z,-> T

- Bu what i e wonk fo uvac LPC)SPC, o Somu
ot OCS7 We knav haw b cuwlvate botn
+he ?jmd"&/\*' £ diersenc in an OC5, so l/\)or');iné
oul Ha LaFIM‘mm 15 W‘ZH—M'—A"



Vi - LdFg L dF o 1 4F g
hyaq, “' " b, ag, ©2 7 by ag, %
Sey . L [ 4 LdE 2 —‘—éi“)
V- (V%) W <dq| (hahs h, da,> i dﬁz(h]h5 h, A9,
4 i d?>>
d‘fs(h'hz "'3%
L _ 4 [hhs dF\ , 4 (Wi dF -C‘—"lll"zd‘f-)
VoE hyhhs (dﬂl( hy dﬁ)> dﬁL( ha Eﬁ;) +‘{°i3(_‘;3—cq;

_E_)ﬁ_l \r\!ril—a ouk La?‘aa_é {ﬂuajnm VL‘-F’(r,sti) =0 n SPC:
h|=| h = — lngzr‘él’/)@

z

. _ ! 4 ( z a _d,_( fsmB d"-ﬁf> d ( 7 d@>>
Vo= r¢sing (dr 56 a-/) > de A de de w6 d¢
- L dadd - - 2 L dnd
re dr< dr ¥ t2sin0 40 sud de/ resinlo ;{?7_

So LaFlaa.é eqn m S s,

A . 4 anb L 4 s
m S () g e 52) o T




SUMMARY
G2 ADIENT

S, Ad¥Fs L dEg 1 4%
VT h, dq, HlqucZ h_z)gq‘s%

DWERLENCE

,A‘ - ~ | A )
VoA <, [ e« g () + o U
Cuel

= - » | _é— _é_

Vxh = e @1—3 (d ("'EA3> —dqa(hLAQ)

Az
P ) -’d—_ _ ’d—'
A ALY dq|(“5A5>>

N EH LY SR CYY)

dq,
LAPLACIAN
te _ d (hhs dF\ | 2 (Wi dP .c*_h.w?)
ViF = hyhhz (dp\l( h dﬁ)> dﬁz( he Erﬁ_?, +6{ﬁs(_‘/1’3—5q_;

CarTESIAN ConRDINATES

A g“;fm §9+%3

VoA = %*i/f/“ii*

Teh (2o - (-7 (8 %3
V4 - G A ¢



6PHE2|CL\L ‘POLAZ CODZDS
(fl‘l)qzlﬁ5\) = (i—l9,¢> lflr'—' ( 1/(6 = r ‘4?‘ P FS'IYIG‘

- dF -~ 1L dF 2 o

V3 o= dr oo r de & rsme &??7 ¢

V- A rz de A > ~sin® 49 (ﬂn Ae> : rsme d-—?ﬂ-

oL L [dlsmAg - Me) L dAe 1 42 dlrhe) dAp

VrA = Cone < a0 d¢ ("5""9 & " r dc 6+ ( - ¢
. i dd- l 4 ad | d=F

V l‘l’ = rz dr( re -CT;' *+ rZsin6 de (5“'1‘9 * risinl@ ;;\?L

CyuiNricalL VPowag (ooevDINATES

(QI)Qz,qg> = (‘P,¢/‘E) l’]r,:l ,/17{:F lq_z::)



