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- At the end ofF ow lagk sechmn we worked oud  FHh
Lﬁplac'lan N ony OCs.

- The most basic, idealized eqn. v & cirwlar vi-
bm:l-wvb drumi o membmne looks sk e 4+l wove
(’,qﬂ b @ 5'[’\/‘(\/\%, w/ vt ré,?lac'mz +H dz/dxz-,

£ P, NG Py ’ ~-

Heigt oF ph. (p, 6 -
Bhove/ helow Eq. C
hoe b
- There are lobs of solvhms {o Fhs PDE | and we’ll
Bl bt Hus tn mae dotil  labter.  Bob fowna,.//
leks focus on \rrdial Soluhons’ — Sol'ns  Haab dond

dﬂ,‘P—end on ¢ . T]/\.u/\ 4

d'zler) 0 deep - L 4P _ o

- Nedk monkn  we’ll  Aiswss HLV\H\qufS Lo Golvins, Ynes
Sort of PPE., For now, well simpliy Ao £ only
Consrder whok well call Y Nogmar Mopes, / Thay

ok e formn Mest solne Doz Not |sole
/ like $ ( Morz loter.
zlp, ) = Rlpd> Tl T

- A solh of s form only works W E Elpd & Tl

Gahsgll; C/—FZ)/'eDM-L
AT _ et 2 42 JAE 2 25 & CowsmenT
act LVvET PJFZ+F@ +k(312,o L



The 125 eqn 1S ?rLH—VI ens )./rzi/d’?, T covld he & Cos
or sm, € smnce Yo eqn. 15 lwac ibs gengral  Soln is

— <~ — Lk |
Ty = &, cos(kve) + O en[EVt) 7T

Bt what abat Hne Z"LEI eé‘nrz TDoesn'’- ook mei\iar/
and  F we ‘}'rvl 6Drvvu}4nwvb Simple lite ¥ ~ chsi.
4’ha+ doesn't koo,

Bob & hos o be Somtthing . So whatever W 15, leks
assume it Con be wrtten s o series  guownel
(D=O (So oo Modawn senes ), That seems  reason-
oble, cigat 7 Ths sk & vibradng drm ad, That
seoms  like b Shald  be  well -behoved & Hureloe
admit  some kind of sentes  duscriphon .

fl

Assome : Rip> Co +Cip+ (:”014-(;3(33 £ Ly p‘* r s 1oSJ,,..
EILfD = O +C,+ZCL(D k%csfll—‘-{c%fg_p fcs]o"t_,,..

r {f)

t\
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dlZ z._Z
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L> 'L(‘,LFLJe(ycngi—IZc_,Fqu 20O cq FS P
PO p o Lofr e pt s dogpte S p

+ kLCO(DZ 4 kZCl F3+ klclf)s F o = O

=0 = Cl']o * (qCZ+kZCO)PL+CQC54—[4LC,>105
c(lo ey ve% ) et (L5ege EPe)p® 5 e



- Olay, fr Hus o work — R 2p) o have e
sovt ofF power seres  descriphon we Gssumed — +hs
sees we 4ef £ e ODE  muek vansh teon- by -

teem.
— That 15, e Maclavm  sevies ke Zevo s
O = O+O-(<>+O-@Z+O-{>7’+ O-(D“{ b
So we |have:

¢, =0

e, +k2¢, =0 = C,=-g kG
2 = S S 2 S S gy 2
oty ke, =0 = (4= -0t o4 ECo

LS cCs v E5C, =0 5 (g5 =0 blc Cy=0
- AUl +he odd powers hove Coefhcient zevo, Nobhng in
the egn. tells us what £, 15, bob Subsequent teems
vt :
l

= ! a 4 2
RQ’) = C,,x(l—-q—lczloz 73 l{,"*f) ~Z60‘4k “"4—~->

- We hae onc unknown have : C,. And sk makes
senee— W we solve Hue wave eqn kv oa Thrng
it doesn't qve US e O\MFU‘l'U At

- (W(L\'\— - Shaldn':-  we {,wiif ‘\’_\;I_Q wiknawns  fo & ﬂ"—é-
order zalr\7, Ves ) ok we elmnaled one assumiy- Mol )



- I tns sechont welve oS, o learn hov fo solve
ODEs (¢ some obar @lne) bu] (G5 U ok Hu

he wrtten ps a  senes. Cold be o

buk we'll @lso see Taylr sevies £

50l'n Can
Maclamm sevies,
othuy Sots ofF sectes s well

— Lt %° back 4o exomple WL sk Ad:
O = ]ozx("[ C, + l:LCo> + loqx(l(gcl_“— ];Z‘(‘,L> + P(qx(‘%(o ch«bzc%)
+ ng( o4 [,%4—1416(‘) TR
— Clear Hnad coefr. of f)‘ZM'L wlwavs relored fo  coett.
0@ r)?.n ‘7\/‘, R
YeCoRRENCE
(ZV\J—Z)L CZ-VH_Z. + k'L czn — O ZE‘/AﬂDT\J 7¢

- A Recogzedee YeEwanon tels e how feems .
ow  Sevies relale Yo o previess terms. Once

we. have e ewvence relln we  colve i LJfomhm\/
lo %e,lf on ExvucT— Form ol Fne Cy, -

_ ke
Cone )t
kL
CZ == ?: Co
k? 2 kY
Cy-= ——"L'_{‘,:CL:(")I_l—z_Z—LCD
- k* 2 bk “ "
c(ﬂ - = c“( = [~ — Cp §um 2«\'4,5 o " PBesseL
G e 4z Funenown
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Belore we con lean to idenkiby € solve  recovcence
reabans |, we'll auwd o review some techniques b
wowlcmé) Wit Suns.

ACter sk, Wl GPpLy Hus Jreolfmialme_ ‘o %—@Mﬂﬁ'ﬂt\
ea\un’nrmns. Than we'll  cmsider Some e,a\um’rm/ts k-
Prwlvml'h/ Rride. in ?\rwlsms, ond  the families of
Funchae - dibud ae Fnike o infnite  sevies — bk
solve  tHam.

Worring Wite Sums

Somubmis oL eries ol of & DE has o Fnike num—
ber of Yerms, gnd somdwes ikS an abaike sum.

Eilr wa\/, we 'l Oulwaa/ls slact bJ/ an Q0 Series Work
ovt cecorcence  celabns  baad o bae DE, and e
what  iF Ve us.

So ks vsebl o revied  Some J'a:hw‘\flwcs £ worlong,
0o sevies eﬁfcc'm\“\/ Wo 5 ot (ewrlhné Hewn o Com—
b'mrnb hvo or mort seres inlo @ Snga senes.

Mook ot Mo o Covered n “echen 1727 of F£F.

Sonihmes  we 4el o series  where he Feems  pl-
fernake Slggn. We pecont B Has of o frcker like

(-0" neide Ml sum; s T TRV I PP
! { | U E " e LY
- — - = 4 ‘e -1 vy
l-2+3 "2 W "2 o ke 2
Loz - - — = n+| > Cold also vac
A I el TR Z &/e’;ﬂ*‘!



THe wlso common 40 encomter oo Sum  Fhak  invoves anl/
even ov  odd powers of come annH\/. For mslanc Mo b
onlvl e poviers oF % appesr Well |lakel each termé

Coebbicienk in ¥he sum W/ its power , So:

Co+ Cp X2 v g v 0, ¢ v

How do we weite Has ns an ® sum’  Siace ony

even # Can  be weitten  6e Tn B some Nz 0,1,
oo

2 g, _ n
Co*—LLy +Cg{><“f 4—CQ>< +o. = VLT:_; CZ,‘X

Likewise, for oo sum wl only odd  povers of %, we
Con wrike any odd 4 ps Takl  w/ =0z, %o

oo
C, + Cy X3+ Cq ><5+c4><?+,.. =2 C e+

| n=o N+l
And  spmchrues b s Vel fo break o suwm W] bobn

evon ¢ odd terms into Gepamte  even £ odd  Sums:

o]
n
:L;awx = c,,+cl><+cz><uobx54,cu,x“ucsxﬂ,..
[rd (=g 1 |
- n ng
- v%o Cin ® = S O

Bub e sok of Manl?\)la’*m/l we'll dp wostk often 15
/

‘re-indesins /oL or Mot Gums S50t Can be

Combvud inlo o SMnsle Sum.

For metomee, wWe mi st Lnd  oumelves deub J»ona.a,l'lruf
Ewo 0 sevies of -l’l/u. form

oo o)
-z
2. n-ln-0). Cn X" + z £ C, %" + (omvEe ‘zruFr)

n=o T V\so/l
Gowe Coefficients shad vp wm boku bk W/ diff. poners of x



- Lt write ok e % soeal tems of o ceries.

T : 0. ¢,- X2 4& O- - N 2-l-cz><° + 6-1-41) ' 4-2-&‘[%4...
TR g, X2 oLl X v L LLKL + c5><5 v ot Oy e

~ The same  coefcients O-ppear v bo serves,  bul wl
diffecent pours ofx.  Albo, ern togn tue 155 Senes
looks  like i+ sharls @ X5, tne | hwo fewms ave poo.
%o we Shald he able Yo wele all Mus s o emge
Sum r'rcawk?
ez o (ZeedCy)x® + (G ey+tey) X v (1Zeq vt ,) x*

t(1oeg v ey ) x® 4
= wé ((m—z)(ml) Covy * o<.£,,\) x "

- How did T ;501— e Qe of (neddneD 7 Did T

gress i+7 No , T 1Pe-INDExED e 1% sum. Pt
2 e . Blc n=0 £ n=1

Z VI.(,n-—I). Cﬂ Xw—z' Z n(n-1>- CW‘ Xn— e ferms ace 2o,
n=o n=2

- Now, T wont Has b be oo s Mok shkls @ n=0 £
has powers of X", 50 T can comane -/ b okt

il

som. T do s b._/l 2hi Vi 5 n+Z.
) 0
Z n. (n-1)- C, Xn—z— = Z (n+2) (n+)D Cm—z )(n
n=z , neo "
Ew,«\/ n eee... w15 replaced by ez hare.

0o [0
L’D Z n-(n-1) Cn x"’z = Z (ar2)(nr D Chvz x1
n=o n=o0o

(Write ouk 1% sevtml terms £ m&kl>



- Combmmz sums ik Hug will be one of sw~ man twols
£ -Qndma recorrence  redlahons  blt  ferms  in o Sevies
éo(ll’\ ol Some 6ﬁm.

- For wshance SuppoL T d o ok whun T add
thorne senes -}'oa,ezhwr H/w./ shald Cancd. Them-

co
Z ((mz)(nﬂ) Covz +4Con ) " =0
n=0~o
- £ a pover Secies 15 éuwaw o be zew ¥ ¥ Hun
it musk vamsh  term- |a1-— term.  Vor wedmnee, M ¥* power

Cont Canch Hhe x Fow.or. So:

ol
(X1 Cpyp +X G =0 Criz = D Ea

— Neibwr C, nor ¢ ae  derermncd |o~1 Hs  condihon-
Bok all e éub%o'uwl' ‘terms  ace

Caz—%ﬁl Cs=-2 :\_ziocl sz’;ﬁ;cr
'af-o Cax” = by (1= Fxtr g - ) < Lester )
- e, sin (|
+¢l,(|—%x5+€5xs— s‘:%o 7(1*"')

Somubmes we add hwo or more. Swms 4o Huy  hove
e same powers oF X, bok Hwy  dont “overkp” - onc

Sertes s onC o Mot exha tems.
— 'ZE—NVE)( yhel2 6um n->n+2

C,. X + n ¢, X =
no n=d " ch X5 Z(mz)c WX

—
1 n=-t

-C-x! .C,.%X° 1
C,,><'+£,)<7'4—£,_\<3 0-¢c, Kz Flc- %% Lo x —Cx Z(m_z)cﬂ o
4-['1)("(' oo "3%5( 4-l—‘ C_(\(%a-.-. oo 172




Sepes Sowrtions oF Lingar ODEs

- As described in on mokivahng example, welre s,
o solve  tCerdmin  differenhal eolqurvms b A55uminsy
e %ol can be wriken a5 Somi st of power

SentsS.
— For now, we'll focus on Maclavan  Sevies —an expanaion
around %20 o p=0, et — bok laker we'll coider

oter %ok of pores 4entts.
- The eqne we 6\1/&\.1 have Hwe oo
\/"(x) + 300 \/’()c) . 3(»0 ylx) = hix)

w e P(x),%%),ghlx) are.  AnbLynie  fnchons . Cle,‘ arc
differenhable @ %=0 £ have Macdawvin sertes ofF Hur
own. 70 X% or eX (s deay, bub (X isn'k. )

— We cald albo allav wore (or fewr) dernatues | g
posun  all  coefficients  are avaLM, and  +s approasia
wodd  Shill werk! Buk welll moskly ok @ 1% oder
linear ODEs<.

- The Shodesy s ecasy: At VD con he  Lwitbken
W G Gevies, Pl iFon ot egn, £ Bad re-
covnce rellns G Pl ferms in e Sevies.

éd \/’(><> + Lot x \/Lx) =0 wf o« = Const-

_ N oo [
7’()‘) .—7;0 CWX —Z”cn¥n—| . ézﬁcwxn-\—\ - O
v = > n ¢, X" e "

n<o



O-Lyx s e %P4 2. 6% # 5oL, ¥ v by %? vl
v (€, %' O XTHC N r Ly N )

L, X%+ (ze, v Leec)x' + (3cs+b<c|)><L

Fldeyszue,)x? +(565+’La¢%\)><4 bl
- % tie eqn- 15 sahshed iF

CI =0 CL:—DLCD

__Z % _ L2
Cq = g"Lal“O byz==76= = 0o
_ 2 _ o . w?
CS = gxaz-—o C@-——g q—_—é’l— o
L) {_){) = Cx(l—o()(L.;—_'l(_.LKL,—ﬁ)(b + >
Y © z 2!

- mr-(_.,s G- W-H—ﬂr‘n l'u,rb(
o)

_DLXL
YOO = C,,Z; Sl = e, e
n= .

- (]

OF corme, wi knw Mus e M solln:

Y/ 2wy =0 ly’:— Tox f):myc_zw

= ﬂnx/ = —xx%+ Cvst = Yha) = ¢, e

- gu-\ e don’{ wWont o r&lk/ on 6\704—4"11/1?, rPaHernS (N
e L., S0 ot we derive (, \Dv‘ r{—imc(&\crn%

the  two 00 seres ¢ working  ovt o recurrence
l"f,[od-m/\?

o . o) |

2 v, X" s 2l e, X = 0

n=0 n=9

L Vo J |_—"___

The =D +erm Con we Shifk summation variable

Vonishes

so power of X s n-17



n- -2
) \

0o | )
Jonc, X" 4w Lw) ¢, , X = O
n=| n-1=o
LYot )
5 2 n L, ¥+ T 2 Lo, ¥ = O
n=| nN=2
™ Same form, buk onc J
starks @ n=l £ o\nen—
Slarlks @ n=-v.
= n-l|
- l‘cl.xo+% (V‘Cn*z*ﬁn_z>’< = 0O

~ Onee we hove i+ i Hus Lorm  we learn Hac
-pOHDwWLB:

(1) ¢, only shows uvp wWhwn n=1 (chkwcozo)
so ¥ 15 not determmu] b\/ e €qn-

(2) C, = O ) ble Yhaks Fhe onh/ N Hro

Constunt +erm on +he LHS of +he egn
Can Vonish.

2) The recsrrence relln e Fhe Q,ma,'m'm%
Coefficients is

ZDLCVI—7,+ ney =0 = (=~ %’S cﬂ—?..

- Since ¢, =0, i follows  +hat  all +hw odd ¢,,,,
Gre olso zewo. What abovt +he cven coefbiionk?
Thalé wWwhon n=172k £ k= 0,1, z,3%,.

o<
- -
C C C

1k | Zb Lk zk-z



- Now, +here are varias +eahm}qu¢5 for solving
recovence  redlns , buk Huy are a0 by odbside b
Stope.  of s class. Lebs ook @ fe 155 ceveml
ferms:

k=1: CZ: (-1
k=7 Cq = (=N

%
|
< oL ol
k=2 (¢, = (= z- (1> Z. DT G

k
CZI’_ = (_'7 ZI, CD
e b T
L = X — %"
= >/(><7 = cogi (-1 L = e "
=0 .

’L So\lln Contons oL unknown  blc
1 was & 1% order OPE

— Lets 4—.«/ ot move example . We wWonk b 2olve +ie
ean \//”— ><z>/’+ 27/=o | Subjeck o e condihons
y(o)y= O £ Vo) = L

oo © - -
7/=ZC‘,|><" > ZVI(.n—u)cwx"’z _ ancn'xm—l . ZZ c, <" -0
n=o n=o neo =
L i 3 \___—I—ﬁ
) 02 .,
Z (nv2)asdC, <" 2 (n-1¢, ¥
Nn+Z=o +z n-t=zo
02 00 -
= Z (s, X" — Z(n-x)c N Z 7 0o et
O n+z n-i "
n=-z nt nz=o
] x 7

n=-z ¢ a=-t jems Fwsk non-zevo

Vanish feem @ n=1



00 00
- 0 = Z__ ((MZ)(MOCMZ + ZCV,> X" = 2 (- o X"
n=o n=72
— T S | L B |
Write oub He (25 dwo fems woten Combne N7 2
in +his sum (n=0 € n=1) ... ferms o/ HMis sum.

= (2-16,02¢,)%° + (z.z.c3+7_a,> x!
Do
P Z_ [(mz_)(m-l) Cpyp + 2Cp - (n-D cn-' ] )(n
V=72

- The %t t‘wo tems [)(”ﬁj)(') %{v&:

\
c, = - Co Ly=— 3 C

- The re_mmn'mz terms 609((5(-\\/ e cecorrence vel'n:

Cnpg = (=) Lnt = ZCa — N7 L
(n+25Cn+1)
S0, e 1= Loy lems aes
C, - 1Ll 1 | ! |
= = — - > - = - _—c
Cy .z i G ) c Lot ip b
- TC,-2Cy _ 1 _a( -l e
s 20 o o) lo(’5£l> lo® " 30 ™!
C,= % L,-704 _ . L H O B §
¢ 5 Tl s T b 79T %k
S S
T Rko& a0

- %o Ds5Umin s, T haven'’t made By a,lé,dom mislakes
[ Who kowe!) M 1% Luw kerms of oo %ol'n ace:

|
\/(_){) = co-(ﬂ_—xz-l—éxq— |—|5)<5~‘1:0X9+'”>
bz, L4 L s E e
J’[’l‘(>< X vz X g l%’OxJ"")

—
Two unbnams, as uwe'd
expect Gr & 779 order ODE



- \\loJricL, hor, that T said & soln € nok —\f/l/\_x._
sol'n, Ow problem 6?{0'1@{0\ J) =0 £ 7/’/0) = .
What does Has wzan B ow series %ol

o)
7/[7() = Z__ C. et = \/[b) = CO ble oll M ote— lams
n=o vanish @ ¥=0!

7/(07 O = Lp=0 ¢ Wipes ok holl of ou gol'n!
I= O-aD.X—IJ—l-CI.Ka.F /L~CL‘)(I Eoees

r_ DE has many spl'ns, Buk & specibic
\/’(o) = C, = 1 < 5ol requs \/(o)_—.., )Y'[o):.,. , e

/ f n-
Y L, X

- é};&dlpyinz yloy & yito) fixes ¢, £¢c, , ond sice al
our C, ore related to (, £ ¢, by te recurrence rellns
we have a unigee ol o o ?ro\ou_n/t(.

s oxolyr Lo, Lys_ 2oy
\/(x) L S M e a5 X

~- %o +this s basically how odl sevies sol'ns Work.
We assume oo sevtes, plvg i+ into +ae  egqn, Had
e recorrence rellns ond  golve Huam, +Haam  yae any
Condvhons 4o narow downm i sol'n.

- As we said @ +he ‘ouzginm'm%) s approoch works
for any DE  of Hue Foron

\/“m + 500 Y +3(><> Jlx) = hix)

6 long as F,9,6h are onalyhe (can be representec
R5 0. power Sevies).



— n loaler gechans we'll look @ obur sods of 4enes
s0llns.  Buk Fsh, welne aomé o appy W hat wﬂ\'juﬂ’
learmed 4o an 'IMPof'l‘aﬂJr— DE  +that Shovs up all over
e place o vow upper-level physics Corses.

D LeceNpres BN ¢ LEGENDRE ToLyNOMIALS

- As an applicatron , we're Foing to shudy an egn.
that  shavs up when  we by o solve Loplacs
eqn in SPC & (See bW F1)
(1-32) Y10 =2y (x) + L) v (¥) = O
- %enies sollns ol Hnais e4n will lead ve Yo o 125 class
of Special fchons: LeEsEnDBE FPOLYNDUIALS .

— Lets i
Leks stk w/ a similar eqn Some  Constant

4

(I- xL)y"M = 2 'lx) +JULL/[7<) =0

— Assume o zevies Sol'n: \/(¥7 = HZ:;C,,. x"
(o=

o
50 = i n(n-l7cw~(><"_—\£“> -7 Z n-cwx” + JA_Z Cn X"
::o . nzo nso
= Z;én[m—Och. )<""z + é (—n(w—n)(:,, -Zn S+t Cy ) X”

' [iome
o (o=
= rgz(omm(nu) Cavp, X 4 V\Z___:_’ (.,UL— n(nu))cnx"
oo
'9 O = V{i__—_o lj(m—?.)(ru—l) Cn+z_ + (M—Vl(ﬂ-\—]))cw ] X

_ (wa=ntan )

Cn
(n+2)(n+ 1>

Recvgeence ReEUN:  Casg =



S0 ow series soln has [, i ¢, wdetermined § like Fho
obhur  Linear ODEs wele 4Geen , w/ €, given by +he

recorrenc,. rel'n Y nz 2.

Nou) | ook aarefullu/ G ‘e recovence reln:

c - (,M_—n(m—n))
ez (n+¥2)(n+1D n

nz O

£ w 1s st on old &, welll 6@,{; two po- series
sollns,  Botk iF L = LLA+1D) , where L 7 (Ns
an eraSe,r— ”) 6Drv\,d4/1m.czs 'erares-Hné Ma?FMS:

- _ (e () ¢
n+z (\ (nsz) (n+1)

n

Once n aaches L, +he numernde
Vonisis £ Cap=2; Cars=©@, Cryo=C, - -

£ L s oan Opp inkeger , +hen all the odd herms
n e series will vanish ke n> A, xiving & Biuae
Series. The even terms will skl ke an 0 - Sevtes.

£ XL s an Even m\'o%zr' ) ks e opposite.

£ we write oo 4o 195 fen terms 0 b soln, we

- JeD) (Lez)LeD L (8-2) 4
Vi) = Lo (1- e, 5 «
(LW LD 3 ... )
ol

+LC ( % — @_%t&—_” o« (,Qm)(hzl)(i_ou__g)ys . >
h 5|



\

S0 f L s on odd integer the ¢ Sedes Shops @
e ferm | but +he Lo, Series s inbinite .

And iF Q15 an evend inkeser, Fhe O, series r;Lst c
e x* term bub b ¢ series 15 infmnite.

A Funite seves glwoys  Converygs | 50 in eithir Cose
(L an even or odd inkesge) @ lssk one of ow Sol'as
s & finite ?ol\/rzom‘ual in . IWhat abeut e inlinike

Senes solln!

To cheek Convergance wWe Can usL tha ?Afno ’\/ES'\’

n-I—Z

) oty R ”‘”““"“7(1 = 1x?|
Cp ¥ nse | (nizd(ned

L
o E AL
n?—

So e 00 Series solotion  enly  converps e I £,

! For instance , look @ 2=

Bu-‘— 1 duver%(__s P&r‘ ,?(l

Q=2 gy = ¢,% + ¢, ( x*— Lt - ;—x"-?—‘x*—%x'ﬂ...)
L—)\/(il)=i'cl+ ( 13--;——3“——%4...>
DIVEZ\:E

Okay, fr LeZ we have +wo solns: o Ffinite poly-
nomia\ of order L (Which is fnite ¥ x) ond an oo
Series  whrch CUY)\/E-I"%&S L Ixl 24 bok not @ Ix|2 1

The Brwer ace ™ Leauu\re_ 'Pal\/nomfa.ls of e 1 kwmd”
ancdl we denote fhem oy Bl The latter are “lesendre
P&\u{nom‘.als of M 77 binel, " which  we  denoke Q, 1%



- %o a aeru_m\ solln of Leaemo\fbé e,quac\w‘o\n (= 20e )
15
YOO = @, PO+ o, Q00
— Now +heres one small -‘Fm\oler\/\. Tluse often hao up
M sollns  of LaPlaa,’s eqn 1 SPC , wih Y= cos B
(Yoo 'll show Hus 1 HW 1)

- B is e T;Dlar ansfe, w/ 0=0 @ e NP £ O=1m @ +the P
Bt D=0 is x=1 £ O=1 s x=-1, so +he Q, all
divete @ +he NP £ P!

- For this reason, wWe vsvally  discard e Q60 k-
Most physi cal o.pph cehans ) unkss wWe  acen’t tnsiderng
X==%1. We're Now aom.é bo fxews on Hw P},b<>

RESU[;I"; \71 non—ae?%VQ A e Z) 3 Prac'mcle one
sol'n o L(_Sendr{_é eqn. that Cor\\farS/cS Vo Ixll.

- The PO are 4o pack ot ouw \/[><7 sol'n  proparhznal

to eithe— ¢, £ XL is even or ¢, f RLis odd. The I

|
Sevew| pre:

Pl =1

P o= X

P, 00 = 5 (3x%)

P00 = L(5x%3%)

Pyl = £(35x4-305%43)

P ) = £ (63%°- 7053+ 15x)



~ Here ave some poperhies £ importont fods  Haar Follow
F\«um o  der vateu:
(1) PO is even/odd ncess ¥=0 fe even Jodd L.
Anotnar (0sehl) way to skde  Hus s

Pl %) = D PO
() Pulx) is a Polynomta\ ot order L. Thatis, 1ts

\ar'%asi— power is X'n', Bllaned lm/ xp"z, and So on
doon o x (L odd) or X°:=1 (L even).

(3) Sinee the PUx) have o Fmibe # of terms Py

are Fite ¥ x. BUF once x %e)rs larse -I’buu{ T
like x* . We \.ISuall\/ onlx/ Use Yhum on -1 L x4 |

(or- 0<cDLm wn SK, )(:0059>.
@) The 'le_l(»z) are. odd, so 'Pmlﬁo) =0,

(59 Polry-1 ¥ L, even o odd. Ths wmeans
PZw(—1)= 1 ¢ P7.ml(_1)=_ 1.

- The 1 Lfov Pl are Stmple but as L& seks \ola%e,r

+here Gre more terms u/ lar?e CocLhicients . For example

P (){) - %L‘l,‘—“ﬂ][ b%Z/ZOS 0 e — Z_Q,Hglelq‘sgs XlD
2o 267,144 — + o
5.55@

— This seems prethy complicakd. Do we jusb leb o compoles
harndle +7  Ther 15 Q.Cx}'uany o PN’H"‘/ Conveni ent E Com -
ack foemola  for P, (x) . Ths uselul R obkoning oo par-
P s S P
fcdlar PO you'lve Ev-BoH-m , and also b Workws  out

'lﬂ“'ﬁﬁmls involvine e P,



Ropricoes’ ForMULA  12:

Plo = —— 25 ((wnt)
S

2%l

Were  nob- s o prove Pnrs (-H/\afgl/\ T con post
o ?mop s \{ou’c:l like ! ) bok leks ok least check (o
one. valvue of 1L, S Q=2

'.7
PZ( 7 ZI d 2 ( _()> -%_dé( (\(1’[) Z-X)
= llﬁ-(( )('5,)(> = %(le—l) v~

Now, +uis 1ent thc owlv] use Ul Lormuloe for Qcall'w»%
the LP TH dums ook Fhat  LP, like wmosk fomilies of
SFeMal fonchors  oblaind as 2dns pF dilfecenhal e,qva-}ims)
have what s calld o  GeENERATING FUNCTION.

A %zmm-\in? Bvchon 1% (R an W> o fonchon of

two  vanables such fhar poWer Serids  expaNsion in onl
of the vanabes has some setr of specia) fmchans (of Fnc
othwr vadable) as ks Coeffcients . Schematically | it looks

ke  4his: — Powers (170D of one variable

0o
(i) = L Wk P Lyy e 17 o e vemele
=0

Fov L%ewdre %lu//lowllals of  Fha 1% bind, +he %e_mmﬁnz
pwm-l"um IR

w/ Inl4l g Ixle |




- Tis Fose‘:bk o show +hat e  coefficient of W in +he

Fowar Se.ries

But Qfmmmw)

xcew +4rm5

- §ina_ lbotin

n

NERD!

The

bub we will

- Firs‘l ) 't’r
H *’1-{,6 oF

Clrym

%-en,{,ra;l—fné

exponsien  of Glx,h)  sahisfes l,(_amdr(_é eqn -
it4 enorsdn 4o show  Fhat H 1

whatr  we ey—rec&—,

[h? -

6"\\/(_
I <1 5

s

L= 2>+

IMLI) Zxh | s alwauls < 1 . %y

Zxh

Moclawm  sevtes

%>\L__S:_e>&;* /%rl/\ﬁ:—_;

- L lh-zxi) « 2 = (1% 2x W - = (W ezxh )k

Ia Fxh o+ —- (In4 dxh®. L-[><7—I/17'>
s (nf- exhsnleh“’_%’x‘h”) b

|+h-><-l—hz~(§i L)+h3(%x-
/‘\ /]- -\
Po £ P 23

"o

finckon 15 importonk G many  ceasens,

Socos on Awo  oF Fham.

reveals 0. numbe— of 6?65'(0-\ ?ro\?ed—lcs £ iden-
L.P. For example!
| | |

L ——
e —

Jmzhlr  Jiony

t h o« hP e W3« |nb(l----

| —
= |

= Pl s Pl e BN+ PO W

= Plb=-1 ¥ Lzo

- Lll lce wise )

confirms

expandm < GLLIM) as a power Sedies in
bhat Pp(-D= 0t



- Bot we can pleo ?ar%wm Various manifpulo.+mns on +he
Senies expansion of Gl W) £ s denvahves | whidh leads
fo seven) useRl identibies  sahsfied by the P (6

D LP (X) (2o-1) % PJ._-|[><7 - (2-D PJL 7_()()

_ d
1) "a POO = L PO+ 5;P1L-l

2) é PO - xdd P = LFP 060 ‘RecueeEdCcE BeELNs”

47 U—xl)‘—& PO = 4P 60 - x AP

(x)

’5) (ZJU-I) ? (x) = 6%_‘ PP_LH 6 - f;?y_—i*j

) (lx)’ 6O = Lx P o - LP 00

Lt

- The 3%etnd meason s +hatk ik helps us work ot variass
'ml'eﬁmls mvolvmé e Poo.  Bob wh\/ walld wWe Ccare Gk
thot 7 Well, T'm slad you 0 ked ..

- Welve  been solvins, diffecential  eqns by assuming the
sollas  are  gnalghe.  Pnd ok seems  ressoneble, becavse
welre domé 'va) and T.?‘llvlsifal §L/]6+Lm5 usua\\\/*d@n’l—
do anjhurg  wokhemedically  extrems;  so s nok a  wild
LS phon  to Say Hok o solln descabing  soma P cal

ﬁa\eh’,m I ?mbabluq analb: Pobably Fine, ab
T least Rv Somc
\/(¥)= Co + L) % 4—615(14— %X34— a_,xq P wnge of x|

- Bt if this s & zelv of an &olua%m Ml involves
Le%mdrté eqgn for  different values of & (well 52 why
s s ot menbh) sheddat iF glso ke o Cambinehan oF B 107

ALso mEFEZEED T AS



- Hered gnoblur woy do e s, Lok @ te 1% fuo PO
£ Vinveck” thuw o solve R w2, X', ¥t e

3
[ACIE PI=%  Fl0 = ZXL'i - % X 7 Byl
= xPe ZR6O4 3R00
S 2y. 5 3 3_ 12 3
P(x-z —Z><—Z><”——?,(»O% x7= = B0+ SF00
- And 9o ' S0 ow Fov-'&r Sevies {:mr \/m covld lso be

Writken  as
- A 3
NOD = Cp v X+ C, X5 Ly X7 v

av.'Po,»cl-’P,+cz.(;PZ+‘317>+c P>

=(CD+-§CZ;,.>'PD(><>+(£+ )?
+ (%CZ+... >'PZ[>z7 + (—é— 634-...>?3(¥)
(o2 (03]
Loy = 2 £, x" = L 6, RO
n=o Y=o

- ln oter words, the PO ave a 'different basis ” for
OU~ Ppower Seres expansion and we Can ra?resem— \/[><7
Rs Some Comloinohan of Leae,ndre; ’Po(\/nomials. Does +his
somd  familiar 7

- This s exactly  what we  dd w| sius € Cosiws when
we Shudied Fowier Secies. We'(l do exo,clfl7 e camac
‘HNV\é hre £ call + & Léﬂd.mdfd. sextes. And Jue" like

Fis. we/ll vse ow analosy w/ veckes ¢ dob produck o
widerstond  how  much  of each Px) is awded

Fl \x_gmdre_ Sevigs m?rcsml—mm ok @ ?ar}}nular y[KB,



Like smn (1) £ pos(nxd on -mexem, +he P OO form  what
we call o M Complete , Or-\’hogona.\ aok of fmchons  on -12x21.
So we Can vae Hhem fo build up o represenbedion of any
reasonably  hehaved fnchon on ok inderal, qusk like we
Can cepresent o veckr by adding  up wik veckrs in F
ria\/ﬂ— ProFaA—ms,

We just nud b -Ftﬁm/é_ ot YV how much” of each P

s wded Fr & Par{“fcular Bnchon,

o (Qriven j(\c), what ace  Fhuad?

?(X) = g 01\*_ 'P‘A_(X>

The Jusk— like & F.%5. , %0 15 +here éomx_-\/hu% lilee
Fowiers Teelk? Considar Fh m{—e%ml oLl +two ?J'(y)
T clain:

|

O if L2k

de B_(x) Pk_(x) = l

=1 C0ﬂ$l-: IL .,Q..":lﬁ
In obher words, Yhe Pl are o~ Jrl/mgar_@\ on —l&xg|
Sue\— ke cos(nxd £ sin (nx) on -mexe m.
ls +hs plavsible 7 Teve i one of L)k is even £ +he
otur s odd, smew PLOPL( is an odd fmcton of
X i that  caac. And S hve fr, say, L=0 £ k=2
or Q=16 k=3. Bot in a.e_ru,ywl"
Using  eibher  +he gerwmhing  fmchon Glx, ), or ako
bu, Vet Leamdrcé gpl.m)wm ) We Con pove & lov\a,ky ‘.émkk{:

d% ((\-XL) (PR - BB ) + (Merid-k(ker) ) PEIRL) = O



! l
- J:d(xd%(((l-yt) (kaw’_a?k/» + (20eD-klenY) j_dlx PP =0

|- — ]

(=) (PP, P, ") ] .o
-1

|
- (,Q(LH)—I:(I:H)) j‘dx P.OY > =0
-1

O & L#k

= fdy 'Pk 6 Pl
-1

- S0 we Juslr wed fo work ook the L=k case. B Rt
b very im?ar-\-mn-]— ﬁDrol[arvl. Since +he PO are Fintte poly -
nomials, i+ shuid be cleac +hat we can rewrte Ay
FINITE Sevies of oder N m dems of 7,7 % .. %

N

Z__ v N € Sosk by expreseny Ho x &
£ ck X = Z: bk P,Jx) ®S Combinghens oF Laaw\dfe
=0 k=0 ?o\uv\am'lmlé y =P, X=P,, ek ..

S b N<.,Q.,, i+ Pllawvs Hhal

|
jd\( 'P.LﬁX) x (Any Fo\ulquuﬂ-\ of oder— M > = O

\

Now what abok P D=k case 7 Us\né Il recovrence
reloben

d d
LR = x 2 PO - g Db

for one of Hu Q(.c%) and ofter some ml‘atsmhw—b/l_?arls:

] N ( ) Z
e e el 3
_(dx S TIN

: L# bk
= de PLOP O = { ©

YA
201 L=k




- This 'un-l—ezéml 15 o Vinner preduck” e +e PO,
wnd  we'll var b Hhe Some Loy we vaed & similar
n l—eﬁml L ans 5 Losvus l

= Thatk 15, supposc YU have  Some bmehon  F060 on -16xcr,
ond Yy wat +o wrile W+ ps & LE4LENDEE SERIES .

Hmdouequ\—m%'{ Hewv

o —
_:F(X7 = f\;) Cy a_(X> much of each P’

- To Fad d+he coefbcient c, of +he =k tem, muH—'lPl\j boin

(=]
R 360 = fi}, Co FbO T 0D « THis & Toueees Tece

Tor LecENDRE SERIFS!

And  now mjreaml—a fem -t o 1 /

|

de B0 Fbed = ) C, gdx PLOTBL
o N

-1 J

v

7 .
Zert il _9~-k, oHundec O

= L. C, — Al +he LZk Ferms mulbhi—
Zext pled |y Zoo!

\
L+l
= £, = TKAK P, () Flx?
]
This 15 exacty what we ad w/ Fawier Genes | welre st

using @ different basis — Leaemdr(; folynomials  (nskead ofF
Siws g Cosius



Nh\/ would we wank 4o do te 7 Kecall hav wWe inkoduad
F.S. — We kaew st waves weve e nakal modes of oo

Vibrakns - shrtne., and  suspected  we Colld vac Huwm o
build up more realishe (Lot move Caw?\tcm’rcc{) Mmohons of

8 GI'VME) ok result Fam ?luo\cm-% o S-\'ﬁ\’/\v\b it

- The same 15 tve e Legendee  polynomads are fh Simple £
natval  Soluhens  of Leamdre/s equaton ) ond we Uss Hum as
bui\d'\l\é blocks of more  Complicated soluhans! Yo'l yar s

throgat E2M and QM

E‘_J. $ix) = {" , -lex<co

1, 0exsl

c_= Z.o+l J:c‘lb( 06 Flx) = %(L%’x -0 4'—(-;)% [ >
=lz(—)([_ol+ K)D(>:'é(0-—|+l—o>

o lgdx Pl Fl) = % (E_c‘ijx (V) +£%l>< ><>

:.;_.(—Zly!):.; Z L>=%-(—O+lz+lzfo> .—_%

€, =0 &= Wny” (17(\6) even, 3x) odd )
_ 134 ! - F ( s w3 3 S __ >
Cq == jﬁx o0 Fx) = 7 gdx (- '7 de
J_ O, (5 d_2 2 l
(' Z "Z)}_, (Fx-Fx ) o>

3

b[
s 2z, 5_% >_1(I_9,£>__4
_0+2-%2 4,22 = = L)< - £
( Y395 97%) 708 g

X

]
DWW N

L Fix) = EZP,m— B + L= P00 - 22 R0 e

The Lerﬁ,mdre Senes raFrewlnl-mn of Fio



- A Lo importowb- Pomjré. Fiest) e condbons S F() o have
a Leﬁwldre_ Sents reprsantahan are  essanbaly e same as dhe
Dirichiet  condihens &~ Hae Fouter Servies.

— %econd, baad on o earlier wsulk b ml—ecﬁmls okt P,
e LG R = ?Dl\/nomm-l of oder kb olways Shops W/ Fac
.Q.,=k ’\’-&f”‘l : CJ_= O V 177—5[

?(5‘7 - lq_ )(Z-(— ;Z¥L; Fovee & q—x + ”ID = C?—“(’ ?1400 +CL3'P?’.5(¥)L-.. 4 CO?D(¥>

- % b oa simple. polynomial, -Pmdw\é e LS Moy be easier o
Quto\a.r b do alfabbm'malls/, ‘FM (;xmvlpu_:

t

F60= Ixt-dxe 7 Co Pl e Pl + ¢, 7, 0D

4
z

n

3 z
"CLX

CD+C|X+Z (5

b Z=§Zc1 -d=c, - C,,—lZcL
1%

> CZ= ‘Lé(—' Cl-;_l_l- Cb= —%—

Bot in %e,vu,m.l, we  Can &lwmzls bad e LG cotkhcients vie
Semidhmis A Can do huan

|
yA By '
- = \
C\L 7 JL&X rPJ“(.X) F(x) m¥e¢6ms B auuml‘_
[ e Tt Somthmas  wabk [
/\ v - values oF L.

Coell. ob Ano\lot(fus o EJL'_/& N ow~
" ﬁ.lul’ B{L vecker examp e

we = Zoa
EJ"“EJ'-Z.,U—(

- We often work in SPC whire an variabe is X =cos . Then
dx = —snd d@ X=I =)'B=O X=-l & b= 1T, @&nd

-
jae 51 P, (cs®) P (cs0) = { =, - L}L—”—‘ KAQ 51O P, L) F(O)
[A¥3 o



- DOne last powk. The %meuhné fnchen forr the PO was
|

bho ) = P
—2xh + Ih*

This  comws up ol e bme whn we hawe o /e ?D+MM\

- - - = - - g
Ea IO (TR

- (77 emR 2R
= \](r Vel 2 eojj
X Angle biE 7

K "Ll ?
TP a

Drst, ;:"bﬂ\ or\am r( 15 Ak, of MI
a—E Fl-. wl pos- veckn N or‘\zun
7

So F r o»r, dua

J . G, M, Y= &:s\l—
¥ r\ll—- —"Cos‘-[' ( /h r‘z/ I
Gt 3 (9} P Lend)
=

L=0

- The T natwally shoy up 1F e expand Vv (or

Vst
Ppoviens  oF "/r\-

Ths isn't & coincidence, since bohn Sehishy
%w&vms ok e Bem V=20 Qundosy From M\ (or ﬁ,)l.



) Tue Merwep oF FrROBENIUS

- Welwe %caﬁs?ullut o»Fleol On 0O —Senes Jreohmclue b seversl
eqns  now . T+s Pmrﬁ)l £ vschil £ \iw'm BNy o gen T
o lok.

- Bot somthmus e ?d— o eqn where o Madawm Sevies

Jusk doesn't work. T tom Ve amswac, or om apparently
Hivial (\{——D> sol'n.

- R exoample ,  Comsider
xzx/” s duy’ s (w2 z)y =0
7 & "
\{ = 2 Cp X
n=0o
é Pe-tndix sma, th..
v

O = 1¢, + b L, X + Z: [(m-Z)(MDcm, LM_L] «"
\ n=¢

—— \ \ 5
s And And Hurehve all Huw

§° C°=O - =07 . 7

| - r‘moLMMé C‘A =0 !

- I+ lO’DkS \lbL 'J"ILL SOI’W )/\UL% o b(_ \{;O ) rﬂz,h}? No,
that  cand ke rrgvv\—', (£ x was celly clac o O ) %0 N

XZ\/ << Zy m e last %crm, woldn'b L have

z .,

Xty
Tru/ \/~ )(o( D L= o -7

+dyy’+ Ty = O

- The 'Fvolal.un Was aééumi/\-fa o Sevtes Soln ek slarked uJ/
& Conthant-.  Instead , leb 4y o LEnepauzed PBuer Sepes

o
2}
Vo= x> 2 ¢, x
“j‘:‘ n=e S Xl Pl e
Eqw will ddemundt s



- \F we repeat o seres mtoed  we arrive  at:

& 0o
O = HZ . (nisedarse) C x> Z:L Cpp x5
= n=

n+s

= (s+2)s+0) ¢ + (5+2)(5¢2 ), +:£;L[(n+s+t>(n+s+!>cﬂ+cm_b]x
\__V____J
" TuDIcIAL Eguation’ : (s+2)(s+1) =

- NL delermin s lovl 4L‘H—m% e 12 term o oo — Lhs
s +he Iubiciar Eousnod . Here we %LI: S=-7 o 5=-,

S0 we ‘O’d' buo solvis (as cy?wkz:l),

— Leds ook @ +he o=) sol'n Lirel, 1F S=-t thm
=)
O=0¢C + 1-l-Cc + Z[(MOYI-CV,J—CH_L] x"TE
L 5 6 > n=z L .,
CowwolJJr- t,=0 C.= - Ca-z
n ntasid
__lae Lo i Co _( it Lo
Cn==ftnen 7 2720 LT 55T TS
Cu 2 Co L__—°
Ce="_7; =00 EY IR R Cpp =0 CATDE
oo 2k ) 2l ¢ W nswee
B —l_ _ .I__ _ E X A% weld
- 7'[’0 X Zc o (ka‘ = Coo XZ;O<1) (Zien ! have sm!
C
= \/(Xy = _Xﬁzsmlx) 15 +he S=-1 sollh

- Now chuek Far =7 solobm. [E 5=-7 +hen

o°
n-z

O= 0 ¢, rO-C o+ E[n-(n—-\j Ch + Cn_l—_lX

—_— R Vs —

Loz €, botn C,= — En=z

widermmed nln—«>

_ Co Cz Co _ __l___ _ C_s C
%Cl-—"zr) CL‘:_E_=:[—I’ C3_—5( C\ ) Cs"—zo :+%—!-'-)



S the s=2-272 <=pluhor 1s

LY r xFE | %;: e )

= — (-0 =— — (-1
\/b<> Eo X% yoo (zL)! & ** o (2N
L

Cos X 6lr|)<

- Cos X sm X ln Has cosme, $=-7 <olln
= \/(><> Co v 4 Y indludes ow 5=-1 sol'n.

ok alwave e casd
There were Hwo possibildics — s=-) ar 5= -2 — and
e sz=-1 cose wos incdludud m ol 5=-7 caae. So

Fie geru,m\ solln oF Hhs eqn. 15

Two wknowns, as
expecked !

Cos X e
VO = ¢ X s 3’)&—
This approach s colud e Y Memmor or FeoseNws,”
T4 Usua.ll;[ Gives e ?re,/u,m\'%ec\ power Series Zol'ns .

Wait ... usvally7 Whn does = wovk 7

A 179 ordur OPE  will hawe «a 0\uadra3«t lndicial
eqn w two wots S ¢ 5, |F bolh are real £
5,-% 15 ok an mbreqer (incbding Zeo!D taen we
gek 7 aemm\iz—fcj power Series Soluhens.

Bok iF 5,-5 =0 — @& double ok of +hi mdicial
eqn — or somitns  wohun S, -3, €Z, wWe F&,L\'

@ -Qmm/ Sort of soluhen. n Yhoar Casws Fha Solhs
Moy  he

YOO =y, 00 Jog x4, (2D

w e re Y19 £ 4,0 ave both %Uu,mlie£d power
senes. This 15 calld F'uwg = THE OPEM.



