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Curviunear DerHotoNAL COORDINATE SNSTEMS
- We will start v/ someding Jouve seen before: Coordinakess. Youlve used +o
destribing Where things are in ferms of ¥y, ond 2. These o called (agTesiad
Cooeps. And you've probably also seen some othur examples like SPHERICAL
Pouae or (YLINDRICAL TOLaR COORDS.

- Bok bbb we %d— into different kinds oF coordinates, lers take & Few minutes 4o
4o ceview what Coordinakes ace suppod 4o do) ond whet Huy mean.

b \n spa&e)
K2 1 € plane) ek
N ~C00ORDINATES are oo Wowq of c\e;scn\omzz o POt

To be ysebul, Has duscription hos 4o be ynigue

and uUnambigvous.

° J
\ / — ManY weys +o do Hs! For instance ) fwo planes
/ \ wlersect Mong o ling, and +hree planes intesedr
oy Y ot oopoitt. Do o destriphion like X=1m,

N=1m, ond 2-1m identifies o pte by -H;H\né
Nou abouk +he intersection of Haree P\Wu,sc
- The - plane ik X=1
= The ¥z ’Plar\L \/¢1
- Tho Xy plare =1

- T his probonbly s4ms o i Com?\)m’rec\ -(:oféovvud*lr\m% oS
simple ks X\, 2. T\ idea s Hhak coordmates gve eveny ponk
an ADDRESS +hok Yo know how 1o inkecpret .

- S0 Loordinates are o wWay ot a,%‘lznma & wique seb ot numloers
(Eve addeess) 4o every point (€ T tell Yoo Rbod somL 6(€0d' A
Woy of descibing where Yings ace, buk T don'k meet these ve-
guitemunts (o unige€ oddress for every pornl—) Hun T dov't have
o good Coordinate System’

-Once T know how o descrke whure pomts ae;, T ran do Hhaings
like ell o aloavt Huw locokion of 6orvu.+14m6 (& boceball sou’) at
different Hmes. 1'd do Yok by iving Yol 2, fvchans of £ - one fer
each vumber ' P address. TF T were Using Cackesion coods Has
would be xtb), yl6), and Zlb)-




i
- Ba+ Cockesion coords acentt alwags the most wsehul! For example, if T was

Ae,scﬁbir\% e mobion of & satellibe  aromd e BEactn, T mrglat ot to
vsL ks alktyde; laktude, and \on6i+ud4. \/J\m’? Bearnomne T LHpeck some
of ‘hoac ﬂ(uanHH Zs mrgw— 9\—a~/ Conskant —H«rcwz{na\A s orbit, while all 3
of XY, wad cnonse -

J 'quc\'\né on e poblem, some Coodinates pe beHer- svited fo ook e
(e -\—r\/'\na to do!

- Now , in batn  those eompUs  gach ceord. is 'mde;peznA&nF of Hle phthec
two. That is, woving in H ¥-diw doesnt change Fhe \ort tooed.
Likewiac, Yoo Con IMasine.  incrensing o o\o;)cd"s olhtrude  withat Cranging,
s lahtude o \owa«‘r\v&e At oy Ppm\- Here o % Aiechons Jou o go
w, and Hu.y are. all "'Pe,r?ind’wu\an"

= T/\alfhuno&ica“y) wWe shate s \07 wril-mé doun % ynit veckr=s for each
dwechion . We vae dwe _c:\,otwﬂk 4o ek whudier Hu,y are .

In Lact, Coords well call Hum %, §, 2
L [

SR
X X=1l %xy=0 %2=0
~ /.: v PR | o Y A.A =
> 3\1 \/‘X’O y.y;\ V Az.,
; Ev:=0 2J-0 z-2=I
|. X Temember: Unik  veders
s ; y hom:_ magvtuda. Lleng)
S o ; -:1.

~
\,l’

- \n pHwr cood systems g/l hove  dif€, nawmes, ok Hucell always
be 2 ot tnewmn (o Z in o plane) ble yoo nued  to descilbe 3 possible
direchons.

- %o imagine T describe some (oovd. system do ooy and lebs call dne 5

unik veckes €,,8, ad &,. F all 5 are pecpmdicolor:
Ae._ a o 1 if L:J
e {o i L
Then we have an ORTHOLONAL COORDINATE SHSTEM. ( Octnogons)

is sk onother word for P@f\?iﬂd““-’\ar') T CARTESIAN, SPC, ond

Cyuinoricat Porag Cooeos
are ol OCS.
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- As T said befoe , some cood. Systews are more wvmebol than  obhers,

o\e_?&ndmé o Haul fFrD\oLam or‘aPPlicaHm' So knowma how to 4vuns
late betwewn different cood. systems s essential.

- Most of t coods we vae W physies are OCS, <o we're soing 1o
learn Wow 4o translate <stalements gbovt veckers £ coorde fom
o OCS inks anphuec !

= DisTACES, ScaLe Facors, AND DisPLACEMENTS

— Lebs <tort simple |, working i just o plane . Mov/re wveud Yo ¥y
coords. Bok oule olso seen TOLAR coords:

\

11 P/‘.e-\x,‘)\/:, - PL-A s located @ %=1, y=L. O~
xs=t, 4= 02 t JEs Jou culd also say ik 15 T Kom Hw
é\\\\ \5’5”%-;&._ /<"”/ Origmn, @ on angl of Ty (Cewd faum
e e NP i veoutis.
"X - PLB is 112 from Hae origin, and
t:_—— Hu M?SLL is 2.6% (cadiansl)

- We can describe every phow e plate by specifying  its distonce fom
e origin, and an angle CCW fom Hio Y-oxis. (Tl choice of x-nvs
for angLL is adoitrany . We coid use any oher (e, but we Wil
a,lwo«a\s vo He w-pxis oo Hwrels no ambi%u‘\-l—u‘f)

- And we can relate e hwo Aescrphos  oF o f\po\m— Using @ IVHHe

i & A Well vac P fer digtance
Y’P ,/.: )(=J>cos¢ [-Fvvm Hu_odgm,amd¢
Zaun I [ for e ansie.
S YARaR Akduda 8

% ’\4) , T MPORTANT : X,y oand f,gﬁ are +wo
- s equivalent descriphions  of poink A.

= Now, when we change  frem on coord system 4o aviokier) i way
we describe o pacticdar ponk will  change.
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- Bub the points themselves clon't clnanadx;! 5o Hnm%e ke +he detonce
blt fwo points, or the arrow you draw 4o point fom on 4o Hae
oHuwr, +hoac —Hr\inaos de nok change. We e Fons o make vac of Has Ho
help us Figue ovk how fo tranclate Various quantities ble two OCs.

\//; P)\o You drow L same arvou blk A€ B
/%\_/ ond it as Hl same lenf&\/m, Wik
g - 3 /,’/ Yew vAL Cockegion or Tolar coordls.
bk I\ N3 e

%

- Well stack by Considering +wo pls in Hie plone that are ven dodc 40 each
otuc. One has Cadd, coords (x,9,) ¢ Hu ot is (X, y,)-

Ve i - How Far apart e ‘HLL'17 The (Px{l—lnc«g)(mn +am.
o { Y, ¢-’/-’ | tells \.(aJ ot
: = > z
Bk iRCaRRcE (As)" = (8" + (Ay)
Ax

— Now wagine Huk Huy ore very close dogednur — 50 close that Byx g by

e,%wha\l\/ become e infinitesimal dw € d7/ \/ou’ re foniliar Wik
Bom Cale. Then:

ds* = c\x"wlx/l

- What £ we Wwant 1o express His in pelac Loords The dx blt +he
two ots could be due to difE . values of P, or of ¢, or bot:

X=p cosgé = dng—;—dp +%d¢ > dy = Co$¢df—fsin¢d¢

L )

Y
Total der. of a fumchon (%)
of two varabls (pg ¢)
from  mulh - varable cale.

= Likewise for dy:
y=pamd =>dy=%dp +%d¢ = sing dp + peosg dp
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— Since we know how Axeg dy celate fo dp td@, £ we kaow how to express
Hu distonee b/t Hie points 1n terms of dwédy

dst = (coscﬁgf— (>simc}§ d(,ﬁ)l + (s\ngs dp + PC’DS?S d¢)z
= ('C;si¢+sinz¢‘>dP1+ (—Z_cos : ¥ L o5 §'|C(>1 ¢>C)Pd¢
+ (st‘mz¢ ¥ chngb) d qSZ
dst = dpt+ p* quL

— Sp, now we know how 4o tronslate ows expression for b dis-
tonce. blt two imc\r{d-e,s'\mmll\/ éc?arcd—cd fPom’rs o Polar- Coords:

ditrdy® = dp? + prddt

N Two things 4o notice
> pa? 1) No dpdd term m ds*.
‘e 1) Ths ‘pde’ Haok shows o
» P P
P /E/% not d Iy iself. Thats blc
///’ d¢ s jJust a clnomg& ‘M e
JL > 'Po\ar' angl,c, The distonee. is ]0d75

~ Now suppse I Fell o abouk 7L nwd coords Yaak T
call q, 2 9,. 1¥ Has is an OCS then ds* will have o
dg,t fem and o dq,* term, bok no dq,dq, term.

— Heres an example: Coods w, v  related 4o Y & ¢ oy

X = = (ur-v?) RSt/ EURRRR L ahs ‘PaprpoLic
z CoorDINATES

b dy = mdu - vdv c\\/=du.\/4— n dv

Ly dXL+c\7IL= (%du,—\/d\/f' ¥ (\/dw 4—'l/l,cl\/)Z

Q
= (WvE)dut + (- Luwr PR ) dudv

+ ( nt+vt) dvt

D ds?= (urvE) [ dut+dvt
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— Like Coartesioan & Blar, +hese coods have Au® ¢ dv® S howins,

Up n as?, otk nok dudv.

— In obur wods, WiV are 'Fe/"lzﬂdicular‘/ et like x £y o pé .

— Bot notice thak the efficients of du' £ dv® look very dif€ecent
Hoan  Hi oelh of dxt g dyt, or dp*edgl

= We call +he [ of ‘hese coefficionts SCALE FAcorS.’

— 50 if sur coords pre 9, g 9, + £ the scale fockers ace ;¢ h, | Hawn

Nove Yhal- e

Sco fockos are
vored W ast -

ds'=h(2,2,Ydq" + ,(4,,9,)d9; Suared

below:
The scl fackrs can be Conshants,
or fumchons of one oL Hhe coovds,
or functions of bohn |

— F_or ow ?re,viaus €/\(0.MPLL5¢

CART‘ESIAN: h" =+ 60%&/44'%&6 W Ual  mrods
hy = pEmEa: I, 2 4o denote  whicln ceord
1 / SOMUNNMUE W UsL Hhe noanwe  of
o = e coord (! ar b, ete).
Poiag: J ¢ iRasr iaas:
hy= ¢
— z R
PARABOLIC: | = VW+V

hv = M/LJ-\/L

- The e coord example alrmdu] chows Vs what Hw Scale
fuckos mean. 1€ we move blt 4wo pls sepated by angle
dcﬁ in +he ¢-—c\\re_d"|0r\, +he corresponding  distance s
fd¢ , nok dgé,

— Likewse, mn PABABOLIC covds, £ +wo ?*s have the same
V Ceord . buk +heir W coords dilfer by duw , M distance
ble Hhem is dwJnt+vZ.
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- S0 the sgcale fncdteors show us how acdtval distancus are reloted
o Hw way +he coordinares change Whan we move i various
licechons.
— What con we do with Hiis? Well, for stacters, we can so

éome,-l—l«'mé abouk +he dictanas associated uJ/ moving in  vyarioUs
dicechons, so we can write out e displacewunt vecter blb

two infnitesmally vuarb ints: oved n
y / i 'POOW nokarion / ?;ihrm -
T Lok veckor
i AL = &t 2w dy § i il
b}’ j]\dyy ] ,K \’,d\(-
Tisti moved e unik veckr—
dx X in x=dire.  Haok indicates
X—-dir.
» X
\[‘()’ Alr. ¢—&lo‘/
L REEE SRR dl = 0
{ [ 4 Qa&"? sb
£§/>\/ / K va -(-\&r \{w moveé-
i omu-Inn How & owe due o & small
+7 t dve -bro:{o;ma.l\ Clﬂaﬂ%& 0% ¢ , whun
s > x Changg m P dish foen orisen s o

- More genwrally | £ - You have an OCS 9,9, ] scale Fuckers
h, € h,, +hen dl is: Remember . Hu sante
- Pactors Ca/n ke Con-

CLQ = l’l dﬂl 0], + h dq qz_ stants or finmchens. T+
L--—v--—‘ de]?ewds on i Coord.

Distance bl +wo 6\15+ow\.
pts. sep. by dq,

~

in He 9, direchon.

- Wait, were familiar o X ¢ \/ D b ¢¢7 And
what do 4 ¢ 4, mean”

— Short answer: 21 is +*he dwrection o 90 1n (¢ Jou increase
9,. 0 P s rod; ally outward ; ¢ s COW. Welll diseuss fs

m more. didai) 1n oo mpmaend|




/
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—~ Bezides  hel ping Us understand  how o eypress e infinitesimal
dié}?\awvuzm-l' dl in different DCS, +he scale Gchos  also
hd? Us sort ouk Oreoe ond  volume elimaunts for 'm+eﬁ—mls.

~ Conside  (YunprlcAL Yoar CooBDINATES . They're just

polar coords alons W 2
A Whan 2z s conslant;
tA litHe patchus of ares
Fdﬁb have
Sl pd¢ ... when pis canshant,
3 it's
&
> §r dA= pddde
+ \i v ond wWhen 95 S
dz Constank  i+s
The voluome element
m CPC s
dV = Fd¢df>c|-k

-~ The dA's ore litHe reclangles, and the dV s a likle
f‘edangular- prism. The scae fdor 'p’ shows up m +he
le.ngwr of ‘e side pssociated wf changing &b

~ £ we have on OCS 4, ,9,,4, w| scale facters h, , h,,
and hg , then +he qreos £ volume elements are:

W, h, 44,49, Cconst. 4,) AV = h h, h, Cl”hd%dqg

dA = h hy dq,da, (const 9,) ’ =
h, by d9,d9, (eonst 4, “ T
n,dq,

h,dq,

lall
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- This might look complicatead, bul- think oot whist  welre
doma: its jusk some stabements obost three possilde lengtns
ot dor eacm of Mie Haree wods yoo could c\aan%L on of

N~

Hu ceordinates. 0 1 - 5
\Joulre on & Surrace Whece
C‘Q" i Inl dql CamE: q, 15 constant ([ like p= const
d.D_Z = 'flL dﬁz. on Hie wall of o Cu\lmdser-,
d_Q_zl,qu or = Consk. on swhace of o
a T 9]:7““/) Hun He two rema‘miv\3

WS goJ Can move Inowe l~&nxl4~s
hquz g hydq, y thoie ac e
5115 ofF an infinitesimal 2clangc
w| acea 4dA = h, hyda,dq, , ete.

B OCS Awup Brsls VECTORS

— When we were +a,l\a'na ebovt AL ), We said somuethnse like
‘2\1 s M dieckon yeu g0 i whin e incresse 4. /' Sp X

is Ha die. Yo move in when vau increasce Y, IS moving oJ¥

ward fom e ongin 0t plane (or Hhe Z-axis m %-D), ez

—-%o%— s Hat vsefl? Whot 1¢ T Jold Jou Ooovt @ Vector
A by describing its components in Corkesian Coords:

A=A ke A + A, 2
— Covld you 4+hem sive me o description of Hu veckr
i some. ot OCS7 2

AgxerA, G- A2 = [APf:+A¢Z+A%i

= ND- we nud Some wﬂtZIM'O—F Com/e,r'—\—\'ﬂé CO.(—L: basis

Ve,d:ors into CPC (or plnar DCS) basis veckrs, How do

we do Mot ?
- First, lets by 4o visualize p £ .
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- We kaow +hat p moves mdialy ovtward Kom +ne origin, £ i
Cb moves CCW.
A — Nokice +Haat % £ \;l Pom-\—-
in Hu same dir evewhere .

g P That s, ¥ looks Hc Eam&.@,
L 3 evey pt , same G VA
x N .
= —-Nol-So%rPQ&(.Th,u/w_u_ag
? e same +amsg evenywhere,
but —Hrwy ool different.

-0?
o’

- No-\-e__,-\—\nou%h ] et 'H'l&\/ are
shll unit veckers, and +Huwy are
skl 1 Jo each other:

Ve prp=1 ¢db=1 p:p=0
Note Mk Tlm 4ol \ameq— aloovt f'i i b @
/3 6\7&&1@'& P*" Tin nok CDmPAr—ina ‘3
one. pt. +o ]25@ onotc Pty etc.

— Okay, 50 ik looks like X £y are cmstant, while f;gj;s‘tooy,/
different @ diffecent points. How can T r&‘la{—a Hem 7
Thot is, how do T conect Hem %,y 4o B, P ¢ vice-versa’

— Consider a Pt wl Codd, eoods x,y. The posibon vecker for
that point s

r= X X + Y ?
— And we know how 4o write xé o terms of p¢¢t
'F:Pcosyﬁ&sffsmgé\'}
~ Now, if we chanse P a liHHe bit, we know Hiak moves
us 1o 0. neacby pt. sepacated Hom e 1%E pomt by |

d{:%, rigt ] %0 lets leok (@ +he decivakive of &
with cespeck +o P-
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mh”

?=P605¢ S Fsmqbg/_a g_{_f;-:c_ﬁ;(Pwsgﬁ;)-)-d—cf\;(()ﬁYlCP;

fﬁ(f’%¢;‘> + C°5¢><+f> (w5¢>x+pcos¢

=] b’c
d¢/de =0 /

=0 ble

J X is constant,

Ly a/\,,(?“ﬁ?‘X)”*?‘* - L e
d/ ({J$m¢5/>=$m¢vl //’/’ 2

- o

95w ahmode; P by AP) e Posil—\ov\ Vecior o\nan%e_s by

dr =(aosq$§< 4—sm¢f/>d€
- The ?aA- in front of df: must be what we mean by {5'.

L—> fgf‘-cos¢;<+-3m¢>7
T/[,he,cl: P f>-\ 05 we eypeck for o wit \/e,c:(ar"

pep = 005199//5*2—005955'”4‘/*5‘"%/‘?

= cos +smzq5 =)

— Lekts *-r\/ Hus w £ !
i ¢ i ¢ AS ‘9'2."\0"&, 3—6 wo
d r ond dr% éi

. N a /
5g 5 pEBR cpesty o Epegge
L‘?AF: P(—$)n¢;(+aos¢9)d¢
~ ls ¢ +he pack i Font of dp? Nok quite | check 5 longhl
(‘€530¢;<4-(>c¢5¢9§-(-fsm¢§ «-(:casgﬁ;,» = (37—<9m2¢+w$a¢>= P'L

0
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- So 4o set ¢ we necd 4o divide Huw shuff i Hond of a\qﬁ
by its mogpitude {pt= P s—— We dinded g [%;\, which
¢ is e scale fuckor h,‘—.f.

éb = ,5m¢§<+ CD§¢\;/\ ls i+ clear why?

— And now we know how 4o convect blb Lack. direchons £
Pola.r‘ directions|

?
¢

Can \/ou invert Hus
= aosqﬂ"x+smqss/ <« £ write ¥ £ g as
/ Combinotions of FE &7

‘ dr

e

l

- 3%

D.‘o_
Sl

|

= —SM¢Q+GOS¢9

- Now, we said thot YoLrg coods are an OCS, and +Hhat was
Supppaccl Yo mean thot the ik veckers are perpindicdlar, |s
Hub He coge?

R v
P' qb L ((',osqS §<+s|n4;:>. (—smq%'( 4-cos¢\n/> = —-(‘,os¢$m¢ ¥ squcosyS =0

~ Tor any other OCS , we'd do Hhe same -H/liflé- First,
write. X £ ¢y in terms of 9, £ 9, £ +hen

AZEEE] ‘ ar T { A? / Eewwv\bu-, L s st a
han s ar dq — —l/\’- 6\/— [abel (or ‘index’) Haok
/‘ 4 v J[C wWe Uit 4o indicate Whida

cif
Coord . wWe're -Iv-lldna aoout.
X 'D‘wid'-ng bg/ Hhe maan'\Jruda wswes
M&—wead—a\q_gli— veckr, 0s we
saw n +he $ -CKMP[-e,,

— Lets do one wore deluiled example 4o make suoe. Mo
s el Clear. Well work ouk e unib vecdos o e Tereopic

ceords fom earlier.




— We defined PaprpolLic ceords as
= —l—- LVt =
K= (ut-v?) \/ WV

This replaces  Fhe uvsual Cactesian grid wl o 'grid’ made
ovk of o bunch of poarabolas. Pocabolic  coords  show vp
sometimes in orbital wmechanics .

- Beboe we work oty fne unit Veclos [, leds duke g momant 4o

+hink  gbost what Yhese coordinales ook like. What sock
of 8rid do -\-m.7/ make

— First, you nece o kaow dhak we  alw ays assome  Yhatk
one oF +wr tFaraloohz Coords is nov- neselve . We
zlways use non- neaa—l—wc w: OL€£n<eo. Thanm -o09sveoo,

-+ (\,\lh\/? OMecwise Pa\'rs like w=d),v=3 and w=-4, v=-3 wovld
refer to e same y, gy ponkl (oords shald sive  every ph
& unique addcess. Here we deal w) Yhak by @ssumng W
IS never m?sahve. Thaks nok  +He only way o do it , bur
Puwres o awud o dve inke that ria\n-\' ﬂoW.)

— %6 how do we visvalize Parabolic Coprds? We dhamk of

Cacktesian coords os O 8»’16! ble Xx=3 is a vertial line, and

\/=—Z is a horizontal line, efz. So what do W 4604— W han
We sk U= 3 o V=-771
= \/\fe_ll, whak ?{s in Plom.a cDrrf.e«{:mci o o Constant
7 U (SR
valve of v ! / 6;{:‘&;&&7:0!
Y= %%Z_i_\/z - %7-,—_- \/7-* Z)( = M_:?IVL"'Z)(
N 1 l Q)
\/— MV = V ~(Virix / Ve Pt
et
l_; \J = V \/L'I'ZX /
Y 5 : <

\Va

The fop (v 20)

o bottem (veo) prRaE Jown et
hWalf of & Wovitental
?mrabola_,
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— Likewise, what pomts n Hhe plane correspond +o a covstunt
value of 7 vV con loe

/__ eibwaer  pos:
= l- z 172 l._ z __.'. . - or ALK,
X = mw” - Z\/ =2 V= W-Ixw =V —._‘%",\I% Z¢ ?

A
Y= wuy = 2w -1y AY
’ wn =
‘—> 7, = i w M"L_ ZX ,\
L ~— — %zo
W20, bot snce we > ? X
have * we S bobn
halves  oF Fam\m\a. /

- 60 Now  We  Can Visvallize e Pavaloolic Coovanol-es am‘c\
‘oxf plothng  severml oF Huae parabolas Corresponcling  +o
B Rl g A

2%
v: w=2> Y7 u=d
W=t V=1t
w=l, v=3 W= ° V=l
gives X==dy
yed |
M= 0 0 a V: (o]
- %7"‘4) V=-2
1] éfve> = (p/
Nokice ¥Fhal +ne / - Vet y=-%
Fambola.s always = /
inkecsech @ right
aﬂzt—bﬁ b -10 vV=-1
10 5 0 5
NET VR

— Back o our Calcolakon ! We a.\ready wWorked oot the sale factors:
} = dst = (wWhv?) (dutrdv?)

= h, =h, = \leLH/‘

dy=unduw = vdv
AN = vduw + wdv




~ Now lets write osub Hu position wechkr, w/ X £y w tems of
ond  Find +Hae unik vectors,

wWev,

F = X;<+\/§/

r N ~ = -
_A__': = ‘I/L)(-l—\/y \%‘: =-\[TA,L-(—\/Z' il ‘n% S
d% tdx td v
al T know Tlm
Awn w ;
A U Iy v A :‘\If?o‘:dh:—o a.;ﬂ
m e £ h, here; s
=? ki wive e \‘Mzz'-'—\/z' y iswa nice Chaede
of My wor:
dx dy )
= yav = (¥,
G‘ r = ~ ‘L ~ d‘_—j s T
EesEEcREadE\det Eaziace) 2o w2y
vV V
~ Vil ERESEREEN
A v l z z
ik e As a fnal check,
I conbican -\’Vla)_- -C,,
{}b . \7 = e .1/1_;\_/___ \/M— '-_—-\'/‘O i \7 are Mogna\.‘_
1/1/1'4'\/2' u/z-.|.\/L </

— S5 PrgABOLIC Coods are indeed an OCS . We can draw 1o

£V @ a Few pts.

10

~

-10

-10 -5

-5 O
i 2 ~
w
0 5 10

B

1/1—-'-",\/‘-‘-7.7:
’l’;b’-‘- ‘I—T'l—;;l.-l—‘[%;/ ) \’; =—"{%;<*\I%\;
mw=u, v=-2
w=gxgy , Ve EkEy

e— T o.lwm/s pts m e direckion of in(,reo.smé w,
fnd V in +he diee of increasing v . Nokce
Fhak ) even Moo e X £y Componunts
of W £ V thange, *uy glways have
e same

relodve  orientation
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- As a theck , what if T Popoud Ssome MW ceords reloked
4o Lortesion coords ‘0\/

X = 5 {oxtrg") y=otP

= The_y look. PrLH-u/ simlar 4o PhearoLlC cords. Bul are
Hfu.«f on OCS7?7 Po oo nwued 4o derive e unib veckors
o check? L\_l_Q_- hive. me one simpte. LU S wh7 Hsg
is nok on OCS. (Hint: Lok @ dsz) Now, aive. me an
even simplec reason why its not even a spod cordd Supskom!

B Transiaring A Vecmor From CArTeSIAN To AN OCS

— We shrted +he last seckion by asking how, siven th wy,2
Components of o Vector , we would 50 aboost de,scr'.bi/% i+
m Some obher OCS:

A = Ax;(_}_A\/g/.{—A%% = Al él +Azéz+ A?’zs

J

V| L

Vam

\/\”/La‘)' At A|) AZ/ Aé?
— And now welre ec\ul?}?&d ‘o answer k!

— Fivet ; how do we c\}{-ermme; Hie components ofF o- veckr!
The A, component of A s “how much’ ot A is in the é\,,
direction , and likewise for A, £ A, We determine ok
with  Hu dob preducks of A g each wit vecker.

— 'E-ZCa.n'.

Diven hese ..

Angkg bl
Y  —RB-RlEBlesd AZE
W BEENERESL musE
"é So £ B is o wmit veder,

Has opves M. Frachen ok
rAJ\ in  Hae dir. a.\on.b B.

=

o AR A e R A A
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- Once. we kaow how to express the &. in t+erms of Q,\?,i,
We can evalvate +hose deotk producs.

— Lets look @ o YoLAR Ccoords exomple. Thue) we found:
f>= LosP X +sing v qhbz —sind %X + tosh
- S0 if T gove v +he lack componants Avt Ay of some
veckr , +hen:
Af = fgl—& = (Cos;£§<+sin¢§/)-(A,< X ¥ Ay§/>
Ay s + Ay sin @

I

Age k= (cond peempd)- (A ko)
= ——Ax $\'ﬂ¢ + A\{ COSC#

= A = (Ast$é +A\Isin<}5)f> + (—Axsian» +AY cos$b> ¢
7
The Cact. Comp. Ay g A\/ Moy jusk
be numbers, or -HLL?/ Covld be some
fmchons o XEY, in which Ctase Yo
might- wank fo re-write fham  vsins

X= peos ¢ Y=psing !
~ As oan exawple, consider the Vecker ng =4 %+ 13:
b A= (desd s Fsmd) D+ (~dsmp +Fosd) ¢

R ,
Nokice trak +he Ae ¢ A‘F covponents
Change  when ¢ c,ho.v\a,cé. What? lent ik
O Constamt veckr? YES . Bemember ok
pe ¢ change, teo!
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— A wmore ml—em ng example is . Toermod Vecor . How Ao

We Weite T in olar coords”
P Lers do 2-D LyuwupeicAl

- ~
r=><X+Y\/+%Z PoLar CD'DZS.

r =.-.'{5-?3=(Cosq£>ﬂ<+$fn¢9)-(><§<+\/\;+—1$,>
= Xesg sy smep Y= pesd
= ]Doos"géa—]Ostgé § Samt anaara
=7

g =@ e (—s\ny5§<+ws¢f/)-(x§+y\7+a€)

:——XSM?S +\/0055£

= - p Losgsing + psmgbwsc# s
= O T
r'::n.—‘:: F\
2 Z-r z )(
= F:P%—l—%% 3%
\Y
a pp

|MPORTANT : T does not have
o qS component . NK/ is Hus !

— We can wok suk Fheo Components  of any/ vectonr in any OCS
Fhis Wos 5 we Just need to work out the relationships blE
the basis veckrs vt two Coord: sustess.
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B Velociry, ACLELERATION, Aup KeePNg Track OF
CunNeang Uni VECTDRS

~ Dne of H nice 'H"M%s abot Cartesian coords is $hak X,9,¢2
are  Constank. Haak 15, @ any pis (%,,¥,,2) £ ¢,¥p,2.) Huy lok
exackly +he samc.

— Avotuic Wy of §¥0\‘\;lﬂ§ s idea, Mot Hae  Cact. bass
vectors don't change fiom ot bo ph, s to say that their
devivabives are zero [ like on/ Constany))

d_-%- = _C_‘l‘l: = .CL;_Z. =0 ] £ amilar for Cf i 2
dx dy dz ! f
— But huis wand e For e other OCS  we'we Seen , vechws
like ¢ ¢ ¢ seem o change direction (b nok lenghn — Huy'ne
always wit veckrs) Fom ?E- to pt.

= (NDT'E: Theres oo bit of & subtle point- here . A uni& vectsr
like f> or cfb means +he sSame —\'lamé @ every Pr f>meams
‘radially away  Rewm e origin D marter whawe yw  ace: So
in thot semsc adl OCS basis veckrs ace 'tonstant.’ Here,
when we say & veckr Changes fom ph b ph. Wt mean thak
the arows yw draw @ eacwn Pt ool diCferent. Bor e

dont nud 4o Wonvy abost- hus digtinchor in Hais  classl )
As on example,; (onsider +he Veck {) @ +wo pis. wi e
same \/-Coord.  buk diff. - Coovds:
L SRR aae- Bot umk veckrs  buk v
/ LT Con SeL that e direchons
"_,-"L =1 ( orientbions of arrows) are
|

: — di€ferenl.

K_ | £ a.qumﬁ:t’ry changes 65 we cham:‘c %,

Hral means:

4p
dx i

"
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= Nell we kaow how 4o wrile ‘3 w1 terms o Ml constonk

unit Vecks % £y, so leks chueck Wais:
AN A ~ o ~
= (Dps X + Sin = -——“ +
P 7\95 ,Q‘/SY \r"‘z r——_;i*/‘
x X M EEas
Py P ey /.ﬁ:
béf‘i:(_‘—_f_ay _Q_j__éf)A
d ¥ P \0125 XJ’(P p? d¥ 7
/Q I 1K= f_ _/
e
2\ » Coxy\ o
= (-#’—g?)% *’( _{_),g- ‘/
teos? ~ t in@ «~
= (757 )s - Lonbed g
§ P
| sint¢ L 2mu" CDSf)sm (i = ____é. (5,,\('25)( c%¢ \/>
Pe: i jhes Makes sense! On lost page
P Sin -‘ S| . sow thakr for OLPs ™,
= ax P (6'4(#)( COS¢Y> increasing X made 0

long;x 1 yw-dir: 3 shovrter
n - dir,

- Another example 1< how f’B £ (fb change as we move CCW
puwomd e oviain:

dp _ 4. Sz 1\/

dg -0 ¥y \/’e
Agb = -C ¥ —sing g = —p /\/ /:/" T
ggg o 059( i ‘“¢ Y F is T these =~ describe change

n pEdblt phsLél?
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— Note, however, +hat f>£ <§b don't change when we move
in the P direchon — radially iaward or ovtward;

X &
= :P\/?'Samc@f

d n—_é— o5 v + d i/\ v =
a‘g‘ 2 # %) Jp‘(g i Nt Cai ncAeud
d(;b _ 4 (- 7)+ 4 7) = - i

- Why do we care about this? Firsky ble these vedors
Moy show up in integmls | wWhere we have to remember
thot +y  change Hom pb. bo ph.

P ( f}% e— Assuming @ is Consbmnk  aives the v

jd(j} ¢> .Z. < amew\,é What woild Mswansw Wmﬂvézm?

o @ @ whot 170le7

Jdrsﬁ (— sing % + Losh 9) = (cos;é %+ 6m¢ 9) l':

.-~ O

= (-l—m) % +(0-0dv

= -7%xYv

a—

— The same goes b dervebives | ond +his will be e,eFec;\a\\\/
relevant in your THEORETIZAL. MECUANICS course !

— As we soid on te Firsk doy, one reason do use o Coovd.
system is so ya can tell me abot the wiotion o€ some

object. In CaeT. Coords \Jeo cold do Has bsf Siving  me

Fnree Lunckions dhok specly where ik 15 @ Qifferent
Fimes 1 x(£), vIt), and 2Z(). Then its 'Eoé'a—l"\m 1S:

Flg) = x(B)x + vy § + 2lt) Z




ConstanTt SPEep! | Lt
— For instance, a particle +hat 1¢ moving L in & circle  in e

X-y plane C‘Dmplﬂ_'\':lﬂa its rotabion with period T (%0 F“'JV
vency F= /1) has position: \.,f-y?lane.

F(t) = )2605('&)1:+g>;< + R sin (ut+5) + Oz

\ i *Phase’ tontpls where
Radivs Pagilac frequency itis @ £=0s. \f §=0
W= 27 - —-L_F“'- it olacks @ k(D)= B £

YlO):DJ- if &= rr/z W
starts @ X(O)=0/ \/(D7= 2/@)::.

- I\low, once oo know e ?asihan as o Funchon of +me,
you can olso tell me the objecks velocihg ¢ kecelerabion .

iy S ar A 4 Cl% A Notice : Siace x, q,g
V(‘t)’:a—g =i’l}‘éx*d‘é’\é\/ka/b—% (—i ore Conshank |, we
don't womy obovle

> v dv _diXn dY s Atz s 4R dy di oo
)= = = == X + el ) i
a(£) T T dl:‘k/ P S ded

— F-or ovr Par‘HcLe movinz in oo circle pueld %LI—:

VIE)= —Rwem(wb+8) % + Ruw coslut+8) + O3

|V | = J‘E}w?’ snt(wbtes) + Rt costlutss) = Kw

DALY = =R cos(wt+§) X —’szsln(‘w{:+8> + 0

— This all makes sense, bok Cack. coords seem like
o clumsy woy fo describe someA—la'm% Mmovina in & Ccide
Why rok vse Porar ceords | which have cieles (o= conshant
buil+ m? Uémg %zfcos¢£_' \/:fsm¢/ tacz‘;

Vv

i) 212%4—0-2 ?): oos(u£+5)§<+53n(wt+8);/
b L——T‘—“
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— Now heres where we have to e carefl! Tusk lokimg @ T,

We See =B The info abost its mohen - +he focdk Hwok &

s Unangm.é — is hidden in ‘3
— ln other wods, ]ac\zpe,no\s on b £ ¢= wt+ &, s0 ﬁcle?wds

on bt as well. Whea we caleolote ‘\77—1,4

),_A_E_d o L dp _ a d &-@nma.nre,ad:er
V= b—’b‘(zlox |2 b_zdb d/g(—cdwlw\'ian
—_—
JEY AN C/'/ !
- V=Kwd P RIIE
l\7l=12u /’F
noLdV _ope,dd dé db _ p .1 (5
o = §¥ 'Eua_. ch\tdgb‘pm (—F)

.—"-—_ 7_/\
= = 12@9

— Once we remembeced that Hhe Toag unit vectrs  change
Fom P o P Hie cale. r:callx/ was wuch easie— 4o Carry
out Huom ik was n CArTEsSIAN. The right coord system oM -

Ways makes Hamss easier!

— This was & @iwqglg_ e%avn)?le, Whok goot more Comp\i —
cated wmotion’] ﬁ)ﬂ;ase. we are working in CPC € on

Objedé P, P, €2 ore all Gl/wmgxné over +ime.
FlEY = p&y ple) + 2) Z
r(t) P ‘f'v——' ¥ Z
L ros(pe) & » sl

- To work at ¥ 5 &, we juskned +o remember wa,s-@;
depends on @, and ¢ depends on t:

o _dr_dps. o dp , de j{
V=5-5Eprpgh r G222l
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v =§—E P+ Fj’lé + i‘T‘:"—; z
Does tnis make sense 7
e D ol
T e e
LV -depiedg.geit MO I

— This 1s prolably o 60003 +me. Yo inhodoce N (if You haven's
already  Seen () to Hhe ‘dot  notation - Yime derivatives:

ery L 4% 3 _ d#® g df
Fr=52 F=35 F=I5 ek

— %o 1 CPC, tne velociky is:
S
— Likewise, for e acctluobion | we have:

3 X AER H- e T A0
B=V-pppprppprppprppdriiced
[ saw:l.h.are_
This s jusk Ht

duck ule written 1a

det notation! I &3
—= P et

= Pprposh s pebrppPipdsds s B2
¢ -p

(B-pe)p «+(1pd+pd ) +%2

I

3= (1#0F + (20 pB) 60 5
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— To summoarize, our expressions fer position, velociy | and
accelerakion n CyLinprical Porae CoorDINATES are:
= ~ ~ +— Remember No $
F=pp+rze Component! |afo  alovk
s & P LA 4’ iS 1N ?,
4SEsas idi uman it deumumhancs

L= (p-pp)pr(rpprpd)d+ it

= T‘Ainzs work. e same \rJa-Y - any other OCS w/ coord nates
Q. £ bosis vectors 2. We jost need 4o know o feuw
-Hnm63=

(1) How 4o write ‘e pos. T in terms of
the Q,; £ 'a,',- 'Be. care_Q)l,‘ Ths mp\y _\G__Dl'

be as simple as q,é,w,z’ézp», ﬁ‘s'é; — lovk
@ CPL where ‘wece s ns PP term!

(2) How to eypress, ‘e bosis veckrs &, as

Lunckons of +he Ceordinates 9. £ +he Cockesion
basis veckors %, 9, Z.

— As on exertise, see if Yoo Coan  work ot V £ fr H
Parvaeouce CyrLinoeichal CooBDS we (ooked ok:

(%,y,2) = (‘z(vf— vh), wv, z)




PreprgoLie CoorDS ExamMpLe
X = ‘Z(«,J_Vl) dx = mdu -vdv
\,f- nwV d\/:\’d%'l—%dv

- A A A = ~
dﬂ, 3 (']A-)("’\/\/)d%-l- (—\/)(4-14.’)/) av } di ] d%\lu}-w" w + A‘/ 'u}.(.\/‘l
L‘vf \[V'z*"" l"v‘“’ \,v‘lr nw* ATk WX+ j —vXs v»i
T *
CO-H"’M_@M’I bo\'in \M,‘ _’ \!u,\-(\/"- w+v
me R T hew eugxrvy 0, Ve-vieny
i B BB u,h?”:u}&m,vy Vhv = —viXemwvy
S & & WSl PED P T Y%
"r= '}:(%t'\/b>th/‘/w"\/\/> > (‘Wlﬂw Vl:v) 0(% vEd¥%
SR %= ¢ lwie-v¥)
F v — (VW +nv -
W l/l.l. hu, = “’ (,‘M,‘u. -—vv) 4—-\/7’
N .L . N t A\ \/‘_ A ~ ~
- p\( Py 7’4)"” L (v 1~+-Tn-\—/ v
l l o 5 ~ Lol
4--':(/va +%\/ 4—/1.8’V>v g - -;T(Vu+m'\'/
L 1.0 Lty &
_wh‘ww4—wl«v\/ 1 I ] L ; |
O ‘ 1 Y K—hwzm)(.;-\/\/) l/\v= -\/Xi—u,y
= i%h%a——z\vh\/

2= akevy A (W)V 1 ny

e =1 .L i a\/A :__"’L[Vv]’;‘-"\/’\;>

F: L@h’&,»iw%(h&) ‘\hh('lﬁ-'\/" V) ’Vi T 1
b é& N L[V?A,m,?/) sl (Vierw?)
¥z ¥ hv‘«ivﬁ(kfl

= -& (u{w—\/\./) W
-I:—‘- ERYPAATAR é‘l SATEADYY ) * -&('@VWN‘) v

vl § (Hlmnivi flwnad?)

2 h;(_;mn'm)zl
*&—(V\'/;.wi,«)\;
_;—'u,\/l -u--i\“n(u,"w+y/>+ /V -I-VLV-'>>W

L?‘/\’, , ./-( WA u,v+v"v4-y/w)>\/

%V\W'\'th = 'r";s‘l;iwl’l‘l’;l/i-\./ho

2]
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- Now lets look @ some examples. Wehe (—‘mo.\l\/ o command of some

useful makhy o leks use ik to do Zeme Ph‘{sice!

7 CELESTIAL MECHANICS

- On HW 3 you will work out +he velocity £ ¢ rccelerabion © in
Sreuerical Porae CooeDINATES. Hereéd what SPC leok like:

. C

1 K= \’émecosgb ¢« r is dist. fom oritain,
Vo= sin B smgb B is 4 down Hom Fheo
Z = r cos® z-axis, & @ s Fhe &L
D4 < oo CCW Hom e ¥ axis iv
DLDelm the X-y plane.

4¢ 72 NE® @ 9=0

O @< SPE =

@ s like lonj%:\-vcu./ Equmrr (2 ©-"2

¢= Zw 8 ¢:0 e fe—
o e samc place

= Nowr job on the HW will be to derive ¢ 2 . T won't kel you A

foll answer, bok in e 6ch}a.l case wWhere O =T, ¢ doesat
(‘,hanae_ (i-e-, o particle that always remamns i P X-y  plane, 609=é=o)

+he wcceleration s T e e e

- ) Y , . A K p<pH=0.
F=(r-r@d®)r+ 006+ (Liggsrd) P
— What can we do with Hais? Consider o planet Drbi“'ina o Stac.
As loné as the mass of thi star 15 much laraer +hon e mass
of +he ?Ianeb (M$>>M?) then +he centec of mass of +he
system s bosi cally r‘ialrﬁ— @ +we center of Fhe otae, We’ll
make Hais b origin (Fr=0) of ow SPL. To o 908 O pproY -
maten e P)aa-e,[— orbits orewd +hrs Fo'u’!—l-,

- (As yw krow, +he shor £ planek ceally orbit ther COM, which s
not quite @ +he center of Hu oar. We'll ignore tins  complicaton

in ow Frest poss Cy deécrlbma Flau%’ﬁm{ arbi‘cs!)
- In wmechanics vou will shiow +hat  the orbil a_lwm{e lies in a

Plo«na. We con set vp o SPC however we like, 50 leks call
the plane of Y orbit =Tz Llie, th x-v plane.)
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— Newlné Universal Law of (ravitahon tells vs +e frce expeciencec
bY the ?law’b: The skr 35 @ r= 0, %0 the
VIR Force o *he planet— is in
F=—&M—3‘:—:" tne - ¢ dir&chtm.

T The sbur e @ r=0, ¢ e plant
15 4%ome dwstance ¢ Rom e stor

The ?lane,’ré distance From e slor ie
riE) £ its a\n%vlar' Poe‘vhm 15 G lE).

Both Change over time, bot (v shays
in +he 6=, plane.

— Now Newhn’s 7% | gw sives vs fhe EoM L Fhe planet

F ot > MFord)fe0bemlzigerd)=-aleller

. -
£ ¥ AR GMs g ) [ e— F had no ¢
é T+ I"¢ BEEE ~z Mf(zr¢kr¢>— O Componunt-;
- R T P~ 1 O Y2 T S Ll
..lﬂ'_‘_j“ﬂnul o mMotrCria oD | .0 ooV i THEORE (_A\L MECHANICE .

— %o we've gt oo pair of Coupled, non-linear differential eqns.
How do we solve 6omerl'mg like +Wig?

~ Lers stark W/ +he @ equakion, as it looks a lithe Simplec. Tk

might not be immediattly appacent, but the q5 egn. Con e
written in terms of a total derivabhive :
LR )\ +d z A T
MolLigrrgp) =0 = = d—E(MPr ) =0
_d___ 7 - B S= Gince = 15 never gqual to
= dt ( MPr ¢> =0 e oo (_Zflmlr’d r'a\u\r:lr-—)oo)
e oHur Facter wvivel be O

- Since d/d{; of M‘,rz¢ i5 #em, it must be that MPrLc} 1S A Constoni—
ln fack, its just Fhe 'Plane.’ré Qn%\gla\". monegham . Well call i+ T

The ¢ EoH was S‘\MFlL, ble
0.vvbular movientumm 18 Consened.
Voo!ll  learn how 4o 5\70(— Sik=

Botn &> £ > wil) C‘/\'lan‘a{, -"hW\— vabions like Hnis ym MECHANICS,
the orbit, buok thurs Fradod— r"qS vl al-

Woy's have 4 Same,  Constant  valve.

(, ‘ = MP r({;)z ¢(t> = tonstartt | <
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- (Tu6¥ s welre bemg CDMFLDH e 0n%ular momentum s 53 TxP

=Txp. We
know T =T ¢ P M7= Mo (ete) 7+ r(t)c}ﬁ(t)cli; wWwhen B= "2, so

T = Mprle®dle) Fed = =M, rU:) gb({;) 5. n the 6= plane
Blorh)=-2, 50 T =M. clO"G>E. )
— Now lets look @ +he r eqn.

Since Mp Shows vp on bobin  sides i+
Cancels oux £ we 8&\::

.- i z INEEE &MS
Fo - gt = = 228

- This leoks complicated blc both £ @ o ppear,
wWhat we [earned abovt T 4o address +hrs:

buor we coan vse

— = T wle
Lonstont 2 ] J J doo't- expeck Mp
= t S = ="
T s Mot ply) = plEd Me ) ((E)F  ohaage) 30§ 15017
constank .
] 2.
i et e M
= r'({:)g 0

- Now how do we zolve +hs 7 (ireat question. Bob bk, lek-
me sk you 5ome,+l/un3. ls s ceally +he eqa.  Jou wl—- o

solve T 1 yo solve it you'll kviow clE). Bok if oy Goa) s

fo Fisure ouk +he shape of orbits, wooldn't you ceally cather

aow Y‘(¢)7

f 6= Figuing oub r(¢) - distance fom
He st ae o fmchon of ¢ - seems

i ke o beter W oF dt’/sc\r\lomb e

¢o,7...— $kaPe of He orbik, rs%ln+7

=)

( &

_3m
$=F

— Okay, 50 how do we do that? We can re-weite dems \ice rib> £
(&) using  +tL  chain ole | That s,

if we assume  ran bt
Written as oo fmckion of dlb), +hen:

: Sin ' —J—‘l
d (. d® dap _ 3 drgy £ 7T $=
b dt = T
g £ cjJ rié) dgg
CUAIN RULE




20

- For +he v +erm we need 1o vse e chian wle twice, as well
as +the Froduoi— rule, You'll do +us on BIW 3!

_dyy_d¢ d N dé 4 (i dap
r'db(r> At d¢(r>“ atdqﬁ(dw aé

— Ovce we've done +his, we arrive @ ony eqn. for r(h)

_‘K_ d*t i) —zd J* (dr(@) JF LM

@y dgr Ty ldé r(¢>3 ERNRRR=7

— Waik! Doesnd+ +his look even More aomFlicaJrcd?, Yes, bor
Gs o often the case, Yhis 1s an illusion. £ we write dhe
eqn n terms of o ned Variable i+ becomes  very Simple!

C dr(¢? 1 dulg) dtelg) _
Fig) L¢) £ A T ey A H-H P T

T his 15 @ much

r tM Canll
C\_lié)’ Lat u(¢> = 3 simplec efluw\—im[

d@p* e

=

~ 50 , wWe sturted with +wo coupled, vion-linear differenhial egns
for cle) £ Pled. Bok we wioticed that one of them jusk re-
minded vs +hat  angolar momentum is  conservecl fou tas force,
while +he obner ove has tumed into o simple— loo\c-in_é ean.
For WP = V/rted.

- TF we'd +red 4o write oot our eqns. 1N Loctesion  rceords
we would hWave been lost! And if we hadn’t sek vp on
SPL +he rignt way, thimgs wald il be a mess!

Tue Rizur CHolcE oF CooRDINATES
Mares Evesyrinig Easieg!

- You are (or will gpon be) learning  how o solve this
Sort+ of eﬁn. n \/af DifL. Eﬁ- class.
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— T won't derive +the sollvn, bor £ I write iF down Jou Con

eas‘tlx/ check +hatr i+ wWorks.

MsG
ulg) = ¢, coslg) + ¢, sin(d) + jz
L v— ] I
Ths park sakishies Thes pack has %L =0,
é_z__v" cw =0 S0 when iF shaus vp
z
a¢ in-wlg) we road e BHS.

— The egn. was o second ordec differential egqn, so its most
ge,n,u-a.\ zol'n WNoas +wo unknown comstants in b, T called
em ¢ £ C,. We con pia them down for a Parl—RCu)ar planet
la\/ 8‘|vm6 +wo pieces of o gk its ?05H'\'m ond o velocik,.

— Now, as ya know, Planz.‘rar»/ orbits pare suppozed 4o be
6“'\?6&6, m%wr? How do we see Hus 7

~ Firsd ) let me write +he constonts ¢ 2L, in & slishtly

Aifferent Form:
T con alwo«{s do +Ws., Thw st Saing

C, = £, Coset }/ +hat Sjven  any two L€ L, , thereg
L, = Cp sinx & Ariansle: >
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With no wits.
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- What exackly have  we shown? Ficek , tue shape of +he i
orbi is cCharackecized by Hwee quantibes. One of these 1s +he
ratio  J/(M0) , which has units of lengtn. Then 4here are two
plain  numbers: e coefly € of +the cos the densminoter
and +he & Fhat shows up inside  +he Cos.

§ «———— This s Jt/ (M )

rig) =
|+ & cos (P-w)

As expected, when O<E£<4) +his is o ELUPSE | 4emi-major
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= Bot tHais pleo describes plther sorks of orbite. When € =1
our formola gives o pacabola, and if € 71 we seb a hyper-
bolo.. These et orbits of an objeck witn  jJusk enossh
o more. than enovsh (respectively) velocity 1o escape thc 8rav1+a—
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