
HAI FIELDS & LORENTZ TRANSFORMATIONS

- In class we saw that observers in two different frames

of reference may disagree on things like charge densities,
currents

,
and fields . How does this work ?

- First
,
lets remind ourselves how our spacetime description of

an event changes between reference frames
.

- Suppose I am in an
" inertial

"
reference frame . That is

,

Newton 's Laws accurately describe my observations about

Forces
,
accelerations

,
etc .

- I will describe where things happen using a coordinate system

w/ me @ its origin , and when they happen by reading a

time off my watch .

- Meanwhile
, you zip past me moving w/ constant velocity

I = nie . We are briefly in the same place as you pass

by , and we sync our watches @ that instant so they both

read ' O ' .

- So as a result
, we agree on the

'

where ' and ' when ' of

that event . I say that you passed me @ F -- o e: to

movingw/ velocity Tr -- nie .
You say that I passed you @

F ' -- O e: t ' -- O moving w/ velocity - wir .

- Now suppose I notice some event that happens @

position F
,
e: time t

,
.
You will assign different

spacetime cards to that event .

- First
, let me Orient my axes so that one of them is

the dir
.

in I see you moving in .



- That is :

F
,
= r ie tr w/ F

, ,+
- in -_ O

1,11 1,1

So if you were moving in what I called the I direction
,

then r
, , "

would be X
,

e: Fi
, +

would be y , it -2, E .
But

this lets us write our results more generally .

¥
,
at a

←
I can write F

,
as some

K r distance r
bi , along the directionµ I :-c.IE?::cit:i.:::t.:i.
# y

is t to ie .

×
L

- In your fame of reference , you will describe this event

differently . You 'll agree w/ my F,,t
but not t , or ri, " :

t
,

'
= Huh. ( t ,

- Bluster, ) plus -
- Z

rn! = The> x ( ri , " - Blu) Ct, ) Nu) -- iz
Fi
,
't = Fist

- This is the same Lorentz transformation you've seen before
,

written in a way that leaves the direction of Tr arbitrary .

( check that this looks like what you expect for Tr --UI ! )

- Now
, suppose I see a collection of charge & currents .

I'll describe them in terms of a charge density g
and a current density I , which I 'll write as :

F -
- Ji , it I w/ I. in -- o
T t

Current moving in
Current moving

same dir , as you I to your velocity,

from my P. o . V. from my Pov.



- You will describe the same collection of charges e: currents

differently . That makes sense ; something I say is @ rest

will appear to be moving w/ rel . - win in your frame of

reference
.

f
'
= Hu) x ( g - Blu> IT , )

Ji ,
'
= Hu> x ( Ji , - plus Cg )

Ji -
- I
+

- This also applies to a line charge density X e: a current

I = Ii , int II :

X ' = Hu) x ( X - plus II , , )
I

, ,

'
= Ku) x ( I, , - Blu) CX )

II = It .

- So
, suppose I see a line charge density X consisting of

a row of evenly spaced charges , but no current ( I = O) .

You would interpret that as

X
'
= j(w) x =

X_ ← From your Pro -V. , charges are moving w/

ffg rel . - Uri . They appear to be spaced
closer together b/c of LEITH CONTRITION .

Ii, = - Hu> Blu> CX = - ,7%, ← A line charge X
'

moving w/

-
, velocity - Uri gives a
I = O ft current - X'nie .

- Likewise
,
if I saw a line charge X moving w/ rel . wir

( so I = Xuir ) you would perceive that as a stationary

charge density :

X ' = Slu) x ( X - plus I Xu) -- ¥%x( I - FI )> = Fuzz X
I

, ,

'
= Hu) x ( Xu - Blu ) CX ) = 0

It ' = O



- Since you & I tend to disagree on charge & current densities
,

we naturally disagree on the fields they produce .

- If I say that a collection of charges & currents produce

an electric field E & magnetic field B
,
then you see

different fields E '

& B
'

.

- Let me write E e: B as

E = Ei , int EL B -- Buri t BL
T ←

Et is the partE
, ,
= E. in is the

part of E in the
of E perp .

to your

direction of your rel .
Velocity : Ein = O

- Then the fields you see are

E- ' = E
, ,
ie t Nu) Est nu) irx Be

B ' = B
, ,
in t Hu> BI - Nu> Iz Tex EI

- Notice that we agreed on the components of the fields in

the direction in ! Its the parts perp. to Je that we

disagreeon .

- Let's be a bit more explicit . Imagine that we have two unit

vectors ie e: w that are L to in & to each other
. Together ,

in , J , e: in make up a right- handed coord . system w/

in x i = in Tx in -- ie hi x in = J

- The components of EI & BL can be written

Ee = Evil + Ew in B+ = Br ie t Bw in

↳ vix Et = - UEwir tuErin Tex Bt = - nBwi tuBrin



- So if I observe fields

E- = Eu 've + Evie + Ewa B -
- Buin + But tBww

i. I e -

En Et Bi . BI

Then the fields your measure are

Eje = En Ev
'
= Hub ( Ev - uBw) Ew

'
-
- Hu)x( Ewtn Bv )

Bu
'
= Bu Bu

'
= Hu) x (But # Ew) Bw'=Hulx( Bw - EE )

- Does this agree w/ what we saw in class ? We considered an

electrically neutral wire carrying a current I = XVI . It produced

no electric field
, & a magnetic field B = @oI12its70Y.In a

frame of reference moving w/ I-- UE
, you 'd see :

ie -- I i = 5 in = of E -- O B = mot-n.no#w
ZITS ZITS

↳ En
'
-

- O Es
'

= Hub (O - u ) Ep '= O

Bul - O Bs
'
-

- O Boy
'

-
- Hu)x(mI - o)

Mo XUN n

↳ E' = -¥s#%5 B- ' = II. ¥7,0
Which is what we derived from considering how the charge

density & current changed due to length contraction e:relativisticaddition of velocities .

- Now
,
if you carefully compare w/ the expressions from class ,

you 'll notice that Eo Mo = 11 CZ .

We 'll explain why later . For

now , can you show the following using the results above ?

E. E - CZ B. B = E ' . E ' - CZB ' . B '


