
F# LINE INTEGRALS

- A line  integral follows  a path P from point A to point B
,

and at  every point along the way it adds an  infinitesimal
quantity ( the integrand ) to a running tally .

- The notation looks like this
←

End point

pftatintegranaestuhmemitnhjnsaionnegarempath .

K start point[
Requires  a path from

A to B

- The simplest line  integral is the definite integral you

learned about  in single - Variable calculus .

Flx )
' '

t.eu#ExaxitaxmtItfEtEetsaIIaooEIEEea.

dx Flx ) of  an  infinite # of

×

infinitesimally narrow  rectangles ,

- But line integrals can  involve more complicated paths ,

which don't have to be straight .

- We need to know how to get from one point  on P

to the next
, nearby point . Thats the  infinitesimal

displacementvector  DI

DI = dxxr +  dyyr + dz E

The precise displacements  dx
, dy , E.dz depend on the

shape of the path . In the example above
,

the path
is along the X - axis E

,

DI =  dx I
.



- Suppose we wanted to integrate along a path in

the X . Y plane described by ylx ) = 2×3-4×2 + ZX .

dylx ) = DIY DX = 6×24×-8 xdx + Zdx

= (6×2-8×+2) dx

↳ dI= dxxr + (

6×2-8×+2
)d×^y

Yx
.

0.3 - dlr 11=0.2 ⇒  dI=  dxf - 0.64 dxf•l
X= 0.8 ⇒ dI=d×x^ - 0.56 dxfi¥\ Houdini:g!oIIm"that

•**
#,>×

proportion to keep  you  on

0.2  0.4 0.6  0.8 I the path .

- There are four  different kinds of  integrands we 'll

Consider
, They are built from  DI or  its  magnitude

dl= IDII
,

and either a scalar function h or a

vector function T
.

- The Integrand can be a scalar or  a  veto .

If

the Integrand is a scalar then the result  of the

integral is a scalar
, If the integrand is a vector

,

then the result  of the integral is a  vector , Nothing
tricky here : adding up  a bunch of little numbers gives

you a number , and adding up a bunch of little vectors

gives you  a vector .

SCALAR INTEGRANDS :  dlh or  II. T

VECTOR INTEGRANDS : dIh or  dl J



- So
, given  a path P and something to integrate , we

follow these steps :

(1) Describe the path P & infinitesimal displacement
vector along the path .

(2) Work  out the Integrand ( de J
,

dlh
,

ek )

for points on P
.

(3) Evaluate the integral .

EXAMPLE
: Evaluate the integral

LI
,

-1 )
.

fdl X2y
P ( 0,0 )

along the path y=X2 - Zx in the X - y plane .

The integrand is the scalar quantity dl x2y ,
and

the path is ylx ) =X2 - ZX in the X . y plane .

ylx ) = ×2 - Zx → dy = ( Zx - 2) dx

DI = dx I + ( Zx - 2) dxy
⇒ dl = Id 'll = ( 4×2+12×-2 )2dx2 )

"2

= dx -4×2-8×+5

Points  on the path have Y = X2 - Zx
,

so the

integrandis :

dl X2y = dx -4×2.8×+5×2 . 1×2 . Zx )



So the integral is

pfljgljtxzy = fjdxfxtfxs '

1×4-2×3 )
←  Notice that  we  are  

intel;
( complicated ) grating over  one variable ,

:
 
-

- 0.34

EXAMPLE_ : Integrate dllxy

+4×7
from ( 0,0 ) to 12,2 )

along the path 10,0 ) → (

2,0
) → ( 2,2 ) .

t.tn#fy.foId*mx';.foY0dxxtaxstp.EIna+axs_
P

'
Break the path into two parts .

PATH 1 :  4=0 ,
X :O → 2

dy=O since y= const , ⇒ DI
,

= dx I

(

×Y+4x)|y=o=4×

dl
,

=  dx

→
p.FI?flxy+4x)=fohx4x=

2×2102=8

PATH 2 : x=Z , y :O → 2 x=  canst
,  ⇒ dX=0

dIz= dyyr → dlz =  dy

1×4+4×74=2--24+8

→q§f,do¥lxy+4x)=f§y (24+8)=42+84 ) 102 = 20



The total integral is the sum of the contributions

from each part  of the path :

p§o{¥ ( xy+4x ) = 8 +20 = 28

EXAMPLE_ : For the vector J =  xyxn +2×2^4 in the

X . y plane , integrate DI . J along a circular arc
,

in the CCW direction
,

from ( 2,0 ) to ( 0,2 ) ,

Y ←
At each point  on the

( Or ) • J path ,
determine the

feY÷ETi¥¥¥€fts¥aiae¥a±i:c :

tally .

•

( 2,0 )

The path is a circular arc
, so  it's probably easiest to

describe using polar coordinates . It has  radius 2
, so :

Xlcf ) = Z cos  ¢ →  d×= d¥gd¢ = - 2sm¢d¢

ylcf ) = 2 sm¢ →  dy = E¥¢d¢ = 2 cos  ¢ d¢

⇒ DI = - Zsincfdcfx + Zcos¢d¢ J

At a point  on the path ,
T is :

T = Xy I +2×2^4 = 4 coscfsmcf I + 8 cos2¢ I

↳ DI .
J = ( -8 cos of sin 24 + 16 cos 30 ) d¢



So the integral is ,

←
Note : 12,0 ) is @ 0=0 &

( 0,2 ) is @ ¢=  tlz .

p§z°,ho¥ . J = fd"j¥t8cos¢sin2¢+l6cos3¢ )

I ( work  out the integral )

: 8

- Notice that  a line integral always  involves an  integral
over one variable ( like the 1st E

,

3 #
example ) or a sum

of  integrals over single variables ( like in the 2nd

example ) ,

- This is blc a line integral Is a way off  adding up  some

quantity along a path ,
and we only need one_ number

to specify where we are along a path or curve .

- If  you are trying to evaluate a line integral and

you end up  with an  integral over two  or three

variables
, something went wrong !

- The result may or may not  depend on the path from

A to B !

Z n

•  B f
These Paths from A to B

visit  different points  E. curve

.

.in#EY:EIiEt:EEIEeIiEi;÷
^ give different  values

.
The*✓ < exception is integrands of the↳

,

7

>
y form DI . # hlx ,%z ) !



F# SURFACE INTEGRALS

- A surface integral visits  every point  on  a surface 3
,

and adds an  infinitesimal quantity to a running sum .

- The integrand in this case is an  infinitesimal patch
of area that we call

'

da
'

times some quantity that

may vary from point to point ,

- Since we need two numbers to specify exactly where

We are on a surface ( latitude E
, longitude  on a sphere ,

or  × ,y Coords  on a plane )
,

a surface integral is

always one or more double integrals over two

Variables ,

- As  w/ line  integrals ,
the integrand can be a scalar

or a vector .

- Our  notation  Is :

Visit  every point  on 5
, multiply da @ that point

fgdah times the value  of h @ that point ,
and add to the

total . Result  is a

scale
.

Same as above , but adding up da @ each point↳ AT
times some vest J

, Result  is avector.

fgdann . f
At each point ,

take the nodal vector a

( unit length , perpendicular to  surface ) E. dot  it

w/ J @ that point . Multiply by da & add

that to the total
. Result  is a scalar .

- If the surface  is closed ( has  a definite inside & outside )

we put  an
'

o
'

on the integral : §



- The area  element  da depends on the surface E
,

the

Coordinates used to  describe  it .

- For  a closed surface ( like a sphere ) we always think

of  in as pointing from  inside to  outside , For  an  open

surface ( like a disc ) there are always two possibilities
for the direction  of  a

.
So  you pick  one E

.

stick  w/ it

throughout the calculation
.

- The Combination dad is called the Vector Areas Element

and written  DE
.

- Integrating DE . J over a surface gives the FL#

of J across or through the surface . The flux gives
Us an  idea ' how  much

' T
passes

from  one side of

the surface to the other .

ExAMP== : Integrate hlx ,y ) = 3×24 over the region
1 EXET

,
2 EYE 7  in the × - y plane .

The surface  is a rectangle in the X - y plane . To move

from point - to - point  on this surface we  increment  × by
dx and y by dy

,
so we are

'

tiling
' it  with little

rectangles  of area da = dxdy .

§dah= fsdxfztdyzxzy =fEx( Exzyzht )
= f¥ 1321×2 = 1361×31,5 = 2790



EXAMPLE : Find the flux of J = 31+2^4+5 E through the

hemisphere 112+42+2-2=4 w/ y 70 .

This would be really complicated to work out  in Cartesian

Coords
, so we will use Spherical polar Coords :

X =  RSMO cos ¢ y=rsmOsm¢ z =  r cos O

The sphere has  radius 2
,

so  r=2 on the sphere . Normally
0<-0 It E

,
0<-4 < Zit for a full sphere ,

but since we just
want the half  w/ 470 the coordinate ¢ lakes the values

0<-0/1  it .

So  in SPC the two coords that tell us where we

are on this surface are OEOEI and 0<-0/1 IT
.

From Math Methods we remember that the area element  on

the surface of a sphere  is r2sm0d0d¢ . Since r=Z
,

we

have :

da = 4sinOdOd¢
T h¥%§0*da=hoh¢dod¢

=  r2sinOdOd¢

To calculate the flux we need to find in .T on the hemisphere .

We 'll use  F for the normal ( since Its
'

an  open surface  we

could have used - F ) .
So Remember ? From

← Math Methods ?
d. T =3 F.  K + Ziry +5 F. E L

= 3 Sino cos  of + Zsint sin ¢ + 5 COSO

↳ fgdoi .J = fgttofodty

4sino×(3sinOcos¢+2sinOsin¢y5cos0
)

Integrate  over  ¢
= fjtdo  4sinO×( 4 Sino + 5 # cos 0 ) ←

d

Integrate  over 0

= 8 it ←



EXAMPLE_ : Integrate hlx ,y)=×2+y2 over the surface  of

the oblate spheroid described by the equation

¥2 + Y÷ + zz = , ←
It's a

'

squashed
'

sphere ,

longer  along the x& y
axes .

This is much more complicated than the integrals we 'll

do  in here bk  it  involves some unusual coordinates
.

The analog of SPC for this shape are

X= Cosh u cos V Cos 4

Y = sinhu cosvsing w/ MZO
,

- FIVE 'E ,
- t<y< it

z = sinhu sinv

The surface we want corresponds to sinhu =L in these

Coords
,

the same  way r=2 in SPC Corresponds to  a

sphere of radius 2 . The scale factors for V E
. 4

are

hv = -Sinn ?u  +  SMZV hp = cosh in cos V

So on our surface  w/ sinhutl ( E
,

therefore cosh u=FL )

the area element  is

da = hvhydvdcf = 52 cosv FE
The function we want to  integrate over the surface

is X2+y2 , In these coords
, that's

X2tY2= cosh ?u coswcoshf + sinker Cosw sin 24

= coswx ( 2cos24 + since )



So to summarize :

(1) Every point  on the surface has a pair  of

coords ( V
, y ) , To visit every point  on the

surface we need to Consider  all - Hz EV EHz

and - HE YET .

(2) The area element @ a point on this surface

Is da = JI cosv fish ,

(3) The function X2ty
'

@ a point on this surface  w )

cords ( v
, 4) is cosw ( 2 cos 24 + sin 24 ) .

Putting this together

fgdah = f.¥4 [
"

¥2552 cos3vFtnv×( Zcoszy + since )

:
.

←
It's doable , Thats not the point .

;

=3 "E×lz+EzenF¥ ,
) )(

he point  is to show  you
how the set-up is

more or less the same as the 1st example .

Describe the surface , figure out  da
,

work  out

What the integrand is for points on the surface
,

then put  it all together ,



- Again ,
remember that specifying a particular point  on

a surface requires two cords . So  visiting all of them

means that  we always Integrate over two variables

in a surface integral .

1%-1 VOLUME INTEGRALS

- A volume integral visits every point  inside a volume V

and adds an  infinitesimal quantity to a running sum .

- The  integrand is an  infinitesimal volume  dt
,multipliedby the Value  of some scalar  or vector function

.

- A volume  is just some region  of 3- D space . Since  we

med 3 coordinates to specify the location  of a point
inside V

, visiting every point means that a volume

Integral always  involves  integrating over 3 variables .

- The notation  is :

fan or face
←

'antecedents:*
.

EXAMPLE_ : Integrate the function Xy +2-2 over the

part  of the inside  of a unit sphere ( centered at

thfoorigin
) with × ,y,z 30 .

*##ta÷IIisE÷x÷Imo.IE#:s:oInYTaEoiz=rcosO
.

Then V is OEREI
,

OEOEHZ
,

0<-0/1+12 .4=0  4=+12
-



In SPC
,

the volume element  is  dT=r2sinOdrdOd¢ .

And the function  we 're integrating is :

XY + z2=  r2sin2Osin¢cos¢ +  r2Cos2O

So the integral is :
×y+ -22 in SPC

-

fghh =§lrf"gTof"§b

Imf
×(r2sin2Os.no/coso/+r2cos2o )

- %k
 dT=drdOd¢r2smOAdd up contributions

from  all pts with

X.  4,2-70 inside the

unit  sphere ,

← Again ,
the point here  is

/ setting up the integral ,

= ¥ + To not  evaluating it !

E×AMpLE_ : What  is the average position  of a point
inside a cylinder w/ radius R E

, height h
,

with  its

base @ Z=O and its Center along the Z - axis ?
2-

^

f-
r→ The cylinder is easiest to  describe

^ -

| ; in CPC :

h
| ! | ×=scos¢ y=ssm¢ z=Z

|
'
 
'

- Then V is the region OESER
,

t.es#eI-yft
OEZEH

,
OE ¢< Zit . The volume

X Z=O

element  is DT = sdsdcfdz ,

But what  's
"

average position
" ? A point inside the

Cylinder has position vector F = xrxtyy + ZE with

OE JF  ER and OEZEH .
Han do  we average that ?



To get the average F
, which we  will denote by

( F >
,

we  will add up  DIF For every point  inside

V E
,

then divide that by the Sun  of  dt for

every point  inside V
, From  at !

( F > =

filer

¥
y[dt=foRds§I4§dz§=itR2h

(
gge .

.jo?yoYdSohdzsxlsc4its#4+YnIL+.ns=hfydss2foY4(cos4x+sino/y) these  over  ¢
from 0 to Zit

+

fotdssfoldtyfohdzzz
gives zero !

=Oxntoyifohlssfodtolltztoh)E= Of toy +

foRdssXitxyzh2E

= Of + Of + tzitR2h2E

↳ ( F > =

Oi + Oil + tztpihiz
-

= Oxntoy + TEE
ITRZH

⇒ ( F > = hz £ ←
The average position of a

Point  in the cylinder  is

right  in the middle , as

you'd expect !



FEI THINGS To REMEMBER . . .

- A line lpath integral involves one or moreintegralsover a single variable . For  instance :

×i÷#IE¥÷¥Ei¥I:¥÷,
and pt B @ XCI )

, ya )
,

zci ) .

Integrate  over t from 0 to 1 :

at
↳ t ( . . . )

←
Path is 3 straight lines⇐.#.xoy%,⇒Imaging;o¥.oa⇒→aa⇒

x
y

pf.FM#.Flxm.zs=fotIzE.Jlo.o,z)+fYd0xx.Jlx.o,zo )

+ fjhdyy .
Jlxo ,y , -20 )

- A surface integral involves one or more

integrals over two variables . ( More than

one integral if  you have to break the

surface
 up  into  multiple parts ,

each w/ its own

description . )



- A volume integral involves integrating over

3 variables .

- Be careful E
'

, go step - by - step when setting up

the integral . Given a curve ,
surface

,
or

volume
, figure out how to describe it  

mathematically. Then work out DI or  d£wdZ
,

and then work out the rest  of the integrand
@ the relevant points . Put  it all together

once you have each of these Components !

- The fundamental theorems may let  you
avoid doing an integral ,

or may let  YW
evaluate a different kind of  integral :

pfatsdl . Bh = h( B) - HLA ) ←
same for  all

paths From A

to B !

fat B. J =§dah .J

fgdoiektxv) =§dEJ


