Line Integrals

1 What is a line integral?

In your integral calculus class you learned how to perform integrals like

/a e () (1)

This integral of a single variable is the simplest example of a ‘line integral’. A line integral is just an
integral of a function along a path or curve. In this case, the curve is a straight line — a segment of the
x-axis that starts at x = a and ends at £ = b. Just so we’re clear on notation, I'll write the indefinite
integral of f(x) with respect to = as

/dxf(w):F(ac)—l—c, (2)

where dF(z)/dx = f(z) and c is a constant, and the definite integral of f(z) from x = a to z = b as
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The vertical line notation in the second step means “evaluate the thing in front at the upper limit,
then subtract the thing in front evaluated at the lower limit.”

Now suppose I gave you a function of three variables, say h(x,y,z), and then described a path
P through space that starts at (x;, s, 2;) and snakes around until it ends at (z,yy, z¢). You can
integrate h(z,y,z) along the path P just like you integrated f(x) with respect to x in (1). Here is
how we write such an integral
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What does all this mean? First, the subscript P reminds us that we're integrating along a specific
path or curve (I'll use the terms ‘path’ and ‘curve’ interchangeably). Integrating along a different
curve may or may not give a different answer. Second, the limits ¢ and f on the integral refer to the
starting point (x4, s, 2;) and end point (¢, yy, 2f), respectively. Third, d/ is the infinitesimal distance
from point to point along the path. The really important thing to notice here is that there is a single
integration variable, because we are integrating along a path. You only need one variable to describe
where you are on a curve, so there is only one variable to integrate! Over the next few sections we’ll
unpack all this and figure out how to evaluate integrals like (4).

2 Curves

Before we can integrate along a curve, we should spend some time reviewing how to describe curves.
Suppose you wanted to describe a curve in the z-y plane (later on we’ll work with three variables, but
let’s start simple). You may be able to do this by telling me y as a function of x, along with the start
and end points. For example, Figure 1 shows the curve y(x) = %xz + 2 —3fromxz =1tox=3. The



Figure 1: The curve y(z) = £ 22 + 2 — 3, from z =1 to = = 3.

collection of points (z,y = %xQ + 2 —3) with 1 < x < 3 is a perfectly good way of describing this

curve.

Of course, this doesn’t always work. Consider a curve like the one shown in Figure 2. Do you think
you could describe it in the same way as the curve in Figure 17 It’s clear that —1 < z < 1 for this
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Figure 2: A parametric curve.

curve, but if you try to describe the points in the form (z,y(x)) you run into a problem: there are
different points on the curve with the same value of 2! As an example, look at values of = close to
x = 1. Since a function y(x) can’t give two different values for a given z, you can’t describe this curve
like the previous one. Instead, you need to give a parametric description of the curve, which means
expressing both z and y as functions of a parameter t. The curve in Figure 2 is
T

x(t) = cos(t) y(t) = sin(t) cos(t) with — 1 <t<m. (5)
You could come up with many other parameterizations of this curve, too — there is no unique way of
doing it.

The last two examples are curves in the x-y plane, but a path through three dimensional space
with coordinates (z,y, z) works the same way. For example, you may be able to describe a curve by
expressing y and z as functions of z, as (x,y(x),z(x)). If this isn’t possible you can always give a
parametric description of the form (z(t),y(t), 2(t)) with t; <t <t;. For example, Figure 3 shows the
curve (z = cos(t),y = sin(t), z = t).



Figure 3: The curve (z,y, z) = (cos(t),sin(¢),t) with 0 <t < 6.

3 The infinitesimal displacement vector

When you perform an integral like (1), the factor of dz in the integrand represents an infinitesimal
displacement along the z-axis — you are just moving along the z-axis, adding up little rectangles
with width dz and height f(z). Naturally, when we integrate along a curve we are interested in the
infinitesimal displacement between two nearby points on the curve. Just imagine you are wrapping
the z-axis along the curve in question.

First, let’s consider two infinitesimally close (but otherwise arbitrary) points in the x-y plane. One
of them has coordinates (z,y), and the other has coordinates (z+dz, y+dy). What is the displacement
vector between them? Following the notation used by Griffiths, we’ll call this vector dl. The two points
are separated by an infinitesimal distance dz in the x direction, and an infinitesimal distance dy in
the y direction, so the displacement vector is

A0 =dzz +dyj . (6)
The magnitude of this vector, which we will call d¢, is the distance between the two points
A0 =1dl| = Vdl - df = \/da? + dy? . (7)

We haven’t said anything about the points other than the fact that the distance between them is
infinitesimal. But what if they were both on a curve whose points are described by (z,y(x))? Then
one point is at (z,y(z)) and the other is at (z + dz,y(x + dz)). What is the displacement vector
between them in that case? Since y is a function of z, the displacement in the y direction is just dz
times the derivative of y(z) with respect to x

dy(x)

dy = = da (8)




Figure 4: Displacement between two infinitesimally close points on a curve.

so d/ is given by

A7 = da i + a%(;) daj . 9)

This is illustrated in Figure 4. Notice that the curve looks like a straight line, since we are zooming
in on an infinitesimally small patch of the z-y plane. The magnitude of d/ is
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which is the distance between two infinitesimally close points on the curve.

Example: Express the distance between two infinitesimally close points on the curve y(z) =

23 — 222 in terms of dz .

df = dm+@dxg
oz

=dzs+ (322 —4z) dz g

:>d€:dx\/1+(3x2—4x)2.

Things work in exactly the same way if the curve is given in the parametric form (z(t),y(t)). The
displacement between the two points at (z(t),y(t)) and (z(t + dt),y(t + dt)) is

Ox(t) ., . Oy@t) ., .
5 dtz + 9t dty , (11)
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What if we are interested in a curve in three dimensions? If it is given in the parametric form
(x(t),y(t), z(t)) then the displacement and distance between two infinitesimally nearby points are

Ox(t) dy(t) 0z(t)
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dl =

and the distance is




Example: What are d¢ and d/ for the curve shown in Figure 37

or . oy 0z
il sin(t) i cos(t) 5= 1

df = —sin(t) dt & + cos(t) dt § + dt 2

dl = dt \/sin?(t) + cos?(t) + 1 = dt V2 .

Given a curve, what can we do with ae? Well, d? is the distance between two infinitesimally nearby
points on the curve, so integrating d¢ along the curve should give us the length of the curve. Suppose
a and b are two points on the curve. Then the length of the curve between those points, which we’ll
denote by s(a,b), is

s(a,b) = /b de . (15)

This distance is often referred to as the ‘arc length’.

Example: Find the length of the curve shown in Figure 1.

The curve in Figure 1 is described by y(z) = %x2 + 2 — 3, with 1 < z < 3, so the distance
between two infinitesimally nearby points on the curve is

9y
ox

=drvVaz2+2x+2.

Now we want to integrate d¢ along the curve. Since d¢ is proportional to dx, this just turns into

2
dl = dz 1+< )zdx 1+ (z+1)2

an integral like (1).
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Okay, this is kind of an ugly integral — it will actually come up later this semester and we’ll talk
about how it is evaluated. To get the length of the curve we need to evaluate the definite integral
from x = 1 to x = 3, which gives

3
/ dzVz?2+2x+2=6.34. (16)
1

In this last example the integral of d¢ along the curve becomes an integral with respect to . When
the curve is given in parametric form the integral is with respect to the variable that parameterizes
the curve.



Example: Find the length of the curve shown in Figure 3.

We already saw in a previous example that d¢ = dt+/2 for this curve. To get the length we
need to integrate along the curve from ¢t = 0 to t = 67

/6Wdt\f2:67r\f2. (17)

0

This was a little easier than the previous example.

4 Paths defined piecewise

Sometimes we will encounter paths that are defined piecewise. This means that they are described in
terms of a number of curves or straight line segments, with each one beginning where the previous
one ended. An example is shown below, in Figure 5. Piecewise paths are easy to work with — we just
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Figure 5: A path that is defined piecewise.

deal with them one piece at a time. Thus, we might have different expressions for things like df on
each part of the curve, but aside from that there aren’t any other complications.

As an example, the curve in Figure 5 is a diagonal line from (1, %) to (3,T), then a vertical line

from (3,%) to (3,4}), and finally a horizontal line from (3, %) to (2, 1l). Along the first segment we

could describe the path as (z,y = %w + i) Thus, d? on this part is given by

Al = dz &+ dy g (18)
dy
=dzi+ ——dzy 1
a:x—l—ax xy (19)
. 1
= dl =dwi+ S dry (20)

and its magnitude is d¢; = dx 1/5/4'. On the second leg of the path x is not changing at all (it’s a

!This makes sense, right? For every dz you move horizontally, you also move up a bit vertically, as well.



vertical line!), so do = 0. Thus, dly = dy gy and dfs = dy on this part. Finally, the third leg of the
path is horizontal, so dy = 0 there. Now, if we’re being careful and following the path as if we were
walking along it, we’d use

dl3 = —dz & (21)

along the third leg, since we’re moving in the direction of decreasing x. However, d¢s = dx, since the
magnitude of a vector is always positive.

5 Line Integrals

Okay, so we know how to describe curves, and we understand what df is. How do we evaluate an
integral like (4)?7 Well, we actually just evaluated a few examples of these integrals — the arc-length
is what you get when you integrate the function ‘1’ around the curve. But let’s try something a little
more involved. We'll start with an example.

Suppose we want to integrate the function f(x,y) = 2%y along the curve (r,y) = (cost,sint) with
—% <t< %’T. That is, we want to evaluate the integral

f
/ db f(x,y) . (22)
PJi

where P, shown in Figure 6, is a semi-circle that starts at the point (1/v/2, —1/v/2) and ends at the
point (—1/v/2,1/+/2). We know how to determine d¢, but we still need to work out what to do with

y
15¢

-

05

L I I I X
-15 -10 -05 0.5 10 15

-05¢

-1.0r

-15%
Figure 6: The curve (z,y) = (cost,sint) with —

the function in the integrand. For this curve, d/ is just

d¢ = \/@3;)2 + (2)2 = dt y/sin’(t) + cos?(t) = dt . (23)




Now, we are integrating this function along the curve, so we’re only concerned with the values the
function f(x,y) takes for points on the curve. In other words, we need to evaluate the function for
points (x,y) = (cost,sint):

f(cost,sint) = (cost)?sint . (24)

So the integral (22) is
3

/4 dt (cost)?sint . (25)

jus
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This integral can be worked out using the change of variable © = cost, and we get

/_ dt (cost)2sint — — é (cost)? 34: (26)
S GE) e
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That’s all there is to it — you work out the appropriate d¢, evaluate the rest of the integrand for points
on the curve, and then perform the integral.

It isn’t too hard to see what an integral like (22) means. First, let’s plot the path in the z-y plane,
with a third axis that we’ll use to indicate the value of the function we’re integrating (Figure 7). Next,

Figure 7: The curve (x,y) = (cost,sint) with —

we'll add the function f(x,y) = 22y to the plot, along with a black curve that shows the value of
the function at the points along the curve (Figure 8). Finally, let’s take the function out of the plot
but leave the black curve that shows its value along the path we’re interested in. Filling in the area
between our path and values of the function along the path makes the meaning of an integral like
(22) clear: it gives the area of the shaded region in Figure 9. So you see, there isn’t much difference
between the simple integral (1) and the integral along a path in (4). The line integral may be a bit
harder to visualize — especially if the path winds around in three dimensions, so that we can’t make
a plot like Figures 8 or 9 — but it still means basically the same thing.



Figure 9: The integral (22) gives the area of the shaded region between the two curves.

6 Vector Fields

Now we understand (at least in principle) how to evaluate any integral like (4): describe the curve,
determine d/, evaluate the rest of the integrand for points on the curve, and then perform the resulting
integral. But we will encounter other line integrals which do not take quite the same form as (4). These
integrals involve wvector fields.

Recall that a vector field is just a vector with components that are functions (a plain old function
is a scalar). For example, if we're sticking to the x-y plane, an example of a vector field is

V:yQi:—xyg). (29)
The z-component is the function y2, and the y-component is the function —zy. This vector field is

shown in Figure 10, with the direction and size of each arrow indicating the direction and magnitude,
respectively, of the vector field at that point.
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Figure 10: The vector field V= v i —axyi.

Given a vector field like \7, we are often interested in the integral

Fo
/dLV. (30)
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If you take a minute to think about what the integrand means, you’ll see that this integral isn’t really
that different than (4). We understand what dl is — it’s the infinitesimal displacement vector along
the path — and we know how to take its dot product with the vector V. So, to evaluate (30) we take
the integrand

Al -V =daV, +dyV, , (31)

work out what each part is on the curve, and perform the integral (if this were a three-dimensional
curve and vector field, there would also be a dz V, term). Let’s work out a few examples.

Example: Evaluate the integral (30) for the vector field vV = y>& — xyq, along the curve
(2, 3 2° + x — 3) shown in Figure 1.

First let’s work out d/ - V:
dE-V:y2dx—xydy (32)
Along the curve we're interested in, y = %x2 + 2 —3,dy = (x + 1) dz, and (32) becomes

—
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The curve in Figure 1 runs from x = 1 to x = 3, so the integral is

3
1 1 1 1 3
/1 dx (—4m4—2x3—3x+9) = (—20135—8x4—2x2+9:c>
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Example: Evaluate the integral (30) for the vector field V=22%+ yzy—yx 2z, along the curve
(cost,sint,t) with 0 < ¢ < 67 (shown in Figure 3).

The infinitesimal displacement vector along the curve is
Al = (—sint & + cost §j + 2) dt
and the vector field V is
V = (cost)? & + (sint) ¢ — (sint)(cost) 2 .
The integrand is
ar -V = (— sint cos®t + ¢ sint cost — sint cost) dt .

The curve runs from ¢ = 0 to t = 67, so

67 3
/ dt (—sint cos®t 4+t sint cost — sint cost) === - (33)
0

There are obviously a few steps missing in that last integral!
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