
¥1 LEGENDRE POLYNOMIALS : WHAT THEY ARE
,
How

To USE THEM

- Legendre 's equation shows up all over the place
in physics :

( I - X ')y"(x) - 2xy'Cx) tillett) ylx ) = O LEI
,
I> O

- why does it show up ? Because the Laplacian
in SPC has a part that looks like

Tito =
.. .

+ rtzsinofzlsino Off ) t . . .
#

= # ( ( I - x'78¥ ) if x=cosO
A powerful technique for solving PDEs

( separation of variables ) will have us look

for Sol 'ns where this part of 172¥ equals
a constant - Heth

, leading to Legendre !

- If we look for series so we find

two . Since l> O is an integer , one of the

solutions (Pdx) ) is a FINITE series .
Since it

only has a finite # of terms ,
it is finite

Fx . The other Solin ( Qelx) ) is an infinite

series & it converges only for - ILXLI
.

]-
General

Y ( x ) = a Pelx ) t b Qelx ) solution

- For - I LXLI this is the most general Solin
of Legendres

'

equation .



- Often , we're studying some physicalsystemand expect

Ci ) Whatever quantity ycx ) represents
is well - behaved , something physical
that is finite Fx .

Cii) We want to know ylx) for - I EXEI
,

including the points X= It where Qe

diverges .
( For instance

,
b/c the variable x

is related to O in SPC by x= cos 0
,

so x = It is 0=0 or O = IT . )

- In that case , requiring ylx ) finite @ x -- Il

forces us to drop Qelx) e: focus on the

Pelx) 5011ns .

- The Pix ) for the 1st several values of l are :

I Pe
O l

l X

Z ZXZ- I
3 Ez x3 - Zzx
4 3gIx4 - ¥x2 + Z
s 6fx5 - 345×3 t x

6 2,362×6 - 365×4 +

'
x
-
- I

7- 4,261×7 - 6,962×5+361×3 - 3ft x



- For any value of l we can find Pelx ) using
RODRIGUES 'S FORMULA .

Pelx ) = z÷£÷e( Cxz- Dt )
But this is a pretty cumbersome way to work

them out - its easier to look them up !

- The Pelx ) are polynomials of order Xl . We

typically use them on - I EXEI .
If l is even

then Pecx > is even on - I Exel
, and if l is

odd then Pecx ) is odd on - IEXEI . They are
normalized so that Pell ) -- I fl

. Then

Pel - i ) = I if l is even
,
and Pel - l ) = - I if

l is odd .

- Legendre polynomials of the 1st kind have a

GENERATING FUNCTION Glx , h) . Thats afunctionthat gives the Pelx) as coefficients of he

in a Maclaurin series expansion :

I

Glx
,
h ) =

f-
- I EXEI

,
-12hL l

l - 2×4 the

os

= I hepecx )
1=0

- Working w/ the Maclaurin series expansion of

Glx,h ) E
'

its derivatives
,
we get lots of

useful identities satisfied by the Pecx) .



- These identities
,
which relate Pelx) & its

derivativesfor different values of l
, are called

" Recurrence relations . " Here are a few useful

ones :

(1) l Pdx ) = (2e - 1) X Pe ,
(x ) - (l - t ) Pez ( x )

(2) x off Pelx ) = l Pdx) t Ix Pee , ( x )

(3) ¥, Pek ) - xc¥ Pe , ( x) = l Pe , Cx )

( 4 ) ( I - x2 ) ¥, Pelx ) = l Pe , Cx) - xlpelx )

(5 ) (Zltl ) Pelx ) = ¥×Pe+ ,
(x ) - Pe ,

(x )

(6) ( l -X ') ftp.ilx ) = l x Pe ,
(x ) - lpelx)

- For our purposes , the most importantapplicationof these sorts of identities is

workingout the integral of Pelx ) Pklx) . Combining
various identities

,
we find

Ix ( ( I - x 2) ( Pdx )# Rdx) - Rdx) Pdx)) )

+ ( llltl ) - k ( KH ) ) Pelx) Pdx) = O

- Now suppose l # k .
Then :

- (Hett ) - kckti ) )#xpelx) Pdx ) if!dx ( ( l- x' ) (Pdx)Pk4x)- Rdx)Pilx))
-

to if l# k

(e.KEI , >o ! )
= ( t - X' ) ( Pdx> Pdx) - Rdx >Picx) ) ) !

,II

a- O @XIII FINITE @ X=± I



- So if l.tk
,
the integral of Pdx) Pklx )

from - I to 1 is ZERO
-

⇐ x Pdx ) Pdx ) = O l# K

- What if l=k ? Using identity (2) on the

previous page :

⇐x Pdx> Pdx ) = fidxpelx) x 're ( x Pix) - Peil x ) )
= te x x Pdx) Pelcx ) - Lef!dxPeCx7PeiCx)
I

'zx¥
,

(Pixie ) = ( Epi ) - 'zPelx5

= fef.idxd.dz/xPelx5)-ztefidxPelx5
- te # x Pdx > Peicx)

↳ ( life) #xpelx) ' = Ie ( x Pdx)'t! ) - I Pdx)Peilx)
- -

2¥
Ze t.pe/2-C-DP# 2

= 2

↳ fix Pdx ) ' = ÷ ,

- It , Pdx) Pei (x )

- This is almost what we want ! IBP in :

fix Pelx> Pe!Lx = I,dxc¥lPeCx7Pe. ,Cx ) ) - ftp.dxlpekx)



↳ fix Pdx)?÷,

- II. (Pdx)Paix) ! ! - fdixpeilxipicx))
-

I - C- Dec -De
- I

= 2

= ÷, -2¥, ( 2 -⇐ Peixipicx) )
y

l Pe. ,lx ) txpeilx )

by identity (3)

= It , - II. ( 2 - lf.idxpe.ix5-fidxxpe.pe: )
-

⇐
.

-

-
-

-
-I IBP AGAIN !

=÷.

-¥,

- Ce - 'zlfidxpeixs ' )

- So after all those IBP & identities
,
we

have

⇐x Pdx) ' = 2¥,

- It , ( i - 2uzf¥xPeix5 )
Or

,
after a little algebra . . . .

Zl ⇐× Pdx)
'

= Zuz f!dx Paix ) '

- Now
, Pdx) =L ,

so we can solve this

recursively to find the integral !

Ie -= Pdx)
'

⇒
'

Ie -- Eltz
'

Ie . ,

⇒ Ie =

2t ' T
Zet I

-

e- I



Ie =

2Cl T
Zlt I

-

e- i

=
21¥
- ×24-27+121+12¥,

Il - L

Xl
.

! = I - C - 13=2
I . . I

#

= Io -

- ÷,
Pdx ) ' =
I

→
Zltl

I

- So we get :

f!dx Pdx ) Rdx ) ={÷! k

- Why did we work so hard for this re -

suit ? Bk now we know that the Pecx)

are a family of ORTHOGONAL FUNCTIONS on

the interval - l E x El ! We can use them

to build a series representation of a

function Flx) on - I Exel
, just like we

did w/ Fourier series !

- Let Flx) be a well-behaved ( satisfies the

Dirichlet conditions) function on - I Excel . Then

as

FIX) = aepelx )
1=0

w/ Ae = 2¥ f!dx Fix> Pdx)



- proof of Ae :
as

T
→ Mutt . both sides byf- ( x ) = L Ck Pk (x) pelx) & integrateK-- O

t

↳ fix Pelx) Flx ) = ⇐o Ck#xpecx) Rdx )
= c. fidxpcxfoxit . . . + ce.f.ci/xPexiPe?cx,
+ Ce x Pdx)

'
t Cet ,

E) t . . .

= Ce .

2-

Zlt I

⇒ Ce = 2{f!dx Fix) Pelx )
- EXAMPLE : Flx) = 6×3+2×2

co = I [ idx Fix) P%x) = I ( GIF +2¥ ) l! = I. (Ot Es - 2) = I

c
,
= Zzf.tk/6x3t2x4.X--Zz(6.xIt2.I4)/!--3z.EX=tsICz--5zf!dx( 6×3+2×2 ) (IX '- t ) = { ( Zx6+3×5 - Z,x4 - tzxs) ! ! = ¥

Cz = If.tk/6x3t2xYfEx3-Zx)--I(tIx7tEx6-Esxs-Zyx4) ! ! = ¥
Cy = Iz f!dx 16×3+2×2) Pylx) = O

,dxxk Pdx ) -- O f d > K

⇒ FIX) = ¥ Pzlx ) t ¥ Pdx ) t ¥ Pdx ) t Es Pdx )



- Two important points for this last example .

- First
, an important corollary of our result for

integrals of Pelx ) Rdx) . Since Pdx) is apolynomialof order Xk
, we get :

f!dx Pecx) Xk = O F l > k

This means that if Flx) is a polynomial
of order k

,
then all the coefficients Ce

w/ l >k in its Legendre seriesrepresentation
are ZERO . In the previous example ,

Ce = O F l > 4 .

- Second
,
if Flx ) is a polynomial we can also

find the Ce algebraically !

6×3+2×2 = Czpzlx) t Czpzlx) t C ,
P

,
(x ) + Co Pdx)

= { ↳ x
's
- Zz Sx t Zzczx

'
- I Cz t C, X t Co

6×3 t 2x
-
= ZCzx3tZCzx2 t ( C ,

- Zz Cz ) X t co - tzcz

⇒ 6 = E Cz 2 = Zz Cz O = C
,
- Zz Cz O = Co - Ice

Cz = ¥ Cz = Iz C
, =ZCz=

'SI co -- { Cz -- Zz
- This only works if Flx ) is a polynomial in

x !



- EXAMPLE : FIX ) = SimCity)
←

Not a polynomial , get an
infinite series !

Co = I [fix sinCtx) - I = O

C
,
= I f. idxsinlitx) . X = If smhtx) - ¥ Codex) ) ! ! It

Cz = ¥ #X SINCITX) Pdx) = O ←
All Czk - O bk

X X Paix) are even
Odd on Even as on - l E X E l
- IE XE l

- I EXE I

Cz = I x Sin Chex) Pzlx ) = ¥ - k¥3 ← VIA
MATHEMATICA !

Cg = Iz f
.

!dx sinlitx) Pslx ) = 1¥ ( it"- 1055+945 )
t

:
(

Sin GTX ) = ftp.lx ) t ¥341115) Pzlx) t ,

( H 't lose7945 ) Pslxlt

An A number of

odd terms .

[
Just the 1st 3 terms (1--43,5) give a

very good approximation !



- Remember
,
if a function is defined piecewise we

have to break the integral into different intervals .

- EXAMPLE : If×) = {
0

,
- l E XL - Ik

a'Fix)

I
,
-

'

E EXE I c--#x

- I - 112 112 I

ce=2t f!dx Fix) Pels
'

,
I

'

x. o.pecxstfidx.1.PK )
= 2¥ f

.

I - Pew

co - E. ftp.i-EI.ii.zci-3-f.i.xx -

-

'Il
.

¥ - E -

- E

Cz -- I x. LEX '- E) -- Eftzx '- 'zxH÷=E( ¥-4 - Ef 's )tE

.fi/---zEzcz-.EfIIxIEzx3-fx)--IfEx4-Ex4In--¥6 etc .

↳ FIX) = I
,
+ ftp.lx ) - Fez Pdx ) + ¥-6134 ) t Pylx ) t . . .

÷
Plotted 1st 20

terms

[ NOTICE GIBBS PHENOMENON

C X = - 112 where Flx)
is

discontinuous



- Legendre series representations will be a veryimportanttool when we solve eqns like DZIUK ,0,0/7=0 .


