
THE HELMHOLTZ THEORY OF VECTOR FIELDS

- Soon  we  will encounter differential equations for  a

Vector field F that look like this :

TT .
J = h Ext = hi

T T
-

Div  of J Some scalar

l

cuffof

I
Some  vector function

function

- There are lots  of  Soltis to these equations .
For

instance
,

if J is a Solh  then so  is I plus any
constant vector

.
If  either h or I is Zero

,
there

are even  more possibilities .

- You  already knew this
.

If I  ask  you to  solve

dflx )

Tx
= - Iz

the answer  is Fix ) =
I Ix t any constant .

- To get a unique Solh I  must  also give  you a

boundary condition . Something like :

dflx )

d-×
= - txz and FCI ) = 5 ⇒ Fix ) = It  4

dflx )

of
=  - ¥ and ¥masFlx ) - O ⇒ FIX ) = Ly

- The HELMHOLTZ THEOREM tells us that the problems
we are interested in have unique Soltis  when  we

give sufficient boundary conditions on I :

F. J -

- h
,

Ex I = Tv
, Birdy Card on

J ⇒ Unique  solh I



- It  will often be the case that these equations are a bit

simpler b/c either h or hi is Zee .

In those cases
,

J

has special properties that we might take advantage
of ,

- For  instance
,

if ht = O everywhere - that  is
,  if txt = O

at ever point  in space ,
then we can always write J

as the gradient  of a scalar : F =  - TTU .

- In fact
,

the following four conditions are equivalent .
If

any one of them  is true for I
, then so are the other

three :

I i ) TT x = O everywhere
( ii ) V = - ⑤ U ← Call U a

' SCALAR POTENTIAL '

liiilpfabdt.tt is independent  of P
,

for any a & b

Liv ) §pdI . 8=0 for any and all closed paths P
.

- Likewise
,

if 57.8=0 everywhere then we can  always
write I as the cut of some  other vector It that we

Call a VELIPotential
.

( Often
,

it  will be  easier for

us to find It
. )

- The following four conditions are all equivalent :

I i ) I .
J -

- O everywhere
( ii ) J =  Ex I

( iii ) §gdI . 8=0 for  ant cloud 5

Liv ) Given any closed path P
, fgdoi.

I has the same

value for  all surfaces 5 w/ the same bndy P
.



- In both cases the potential is  not  unique :

• U & Ut Canst have the same gradient b/c Blears tant ) -

- O

• I e: I + Bg have same curl
,

ble Bx (Bg ) -

- O for  any

scalar function g .

- More generally ,
if  neither h nor T is Zero

,
then the

Vector I can be  written as the sun  of  a gradient and

a Carli

J = - But FIXE

- There  is more  detail in Appendix B of  the textbook .

But for  now
,

let  me  show you an  example .

ELI Suppose I give  you a scalar function HLF ) ( remember
,

this

is shorthand for hlx ,y ,
z ) ) and ask  you to find a vector

-
- - - -

field F such that D. F =h and Dx F = O
.

→ →

Since Fx F -

- O I know that F can be written  as

the gradient  of  a scalar potential : E = - TTU
.
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→ FU = - ¥fdT ' htt '

) Ez
A.  s .

→ E = - TTU = '⇒dT ' htt ' ) ÷
←

Again ,
I only cares about

A.  s .

X ,  y ,z  dependence  in the

F. E = ¥ father 's I. ( if ) integrand .
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⇒ I . E = HLF ) V

- This  example looks  a bit abstract
, though you  may notice

that  it looks very much like the Coulomb integrals for

the electric field that we  wrote down  in class . Dan 't

worry ,
we 'll develop these ideas in more detail as

we need them .


