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DIFFERENTIALS

Theceéd a lob of varakion blt different sechions
of Calculus y S0 Wt ‘re %O‘“é o review g -l‘O'PT <
Fhat  Somibinuus %L('S uneven | Yrearment  (or no

Covern ge ook alt).

A DIEFERENTIAL i an 'm(:mii'es'umally g ol
Chané(_ M Sond quanl—;h/.

lE con be somd—l/\m% os simple  as  dhe M dx!
+hat 6e?o«ra\¥{s two inﬁn'\¥£s':mall7/ n,w\rlo\/ ?O,n‘fg
on the x-axis, or it coold be +he iy
C,VnanaL in some  functior  becausse of  amaltl
c\nar\%{s in (s arzu LNt S .

(I Fhese aotes , Words  like ‘hiny’ £ Vsmolll! will
clways mean  Vinfinikesimal ! in | Fhe sense Jou
learnud  albout  in Calcuhﬁ‘.)

60 wWhat Is a differentiol 7 Tlhe |=F difFfecenticd

you learned  abouk  was +he dx of 6'm3l-e Var-
ialble | calculus.

Consider +wo Lo by ?o'm’rs on +he Y -gwis Sep-
arated by Ax @ X, and X, + AX.

o £ we moke Ax Very small,

> X + e 'Ipo'ur&s 'l?rad—'(axl\7/ i+ o
—l'ofp of each oFhur, When
+Ha écpara,hon is infinitesi-

XD Xo+ AX

mal we replace Ax  wf Ydix !



- Now 6u171706£, 7’0u Vw\\/(_ SomL Funchon of +he
Variable x. Well el i+ $6O. Th could be
XZ or Sin(4dx) or Om\/-l—h'm%'

How does +he Ffoaction chanse When we move

From Ko oOver to  +he infini—Fes'nmaHy nwrb\/ ?oml—
X | & ax

émce dx s \'lmcm'n)fcly éma\(’ -HA.L 'RMd’iOﬂ —39_
must  not Clﬂom%e, \/e,r7/ much, r‘iaVl‘l-?

Over +hat ktiny disfance dx  blt +he two
?omlé) any well - behaved  funchor i more
or less o steight line. As e learned  in
cale, +he <lope of +hat S"’l’ﬁig’n{’ line. 15 +he
PervvATIVE of F(x) evaluated at ¥,.
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Since Change in F(x) as we move Fom
X, o X,+d¥ s @leo infinikesimal, we use i
same notobon wWe used o dx  and  wWrite

a5
Now f we did +his £ two Lo by ?on'n\’s
X, and X, +dx we'd Iilce,lx/ %e,l— o difterent
result , since thu derivatve of  Flx) probably
fokes different values @ ¥, and X:
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The DirrerenTIiaL  of F60  +fells s how 4+l
Funckion Chanses when  we chonse ks &r@umw%—
loy on  infbinikeaimed dx:

dFlx) = ZEibd dx
dx

ExaMPLE:  F(x) = x*-3x +

i{%() - 2x—23 = dF(x) = (1x-2) dx
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- The differential of o Fmchon FHO s Just +he
inFinitesimedd chanae in +he Bnchon  Wwhen we
chanae i+s ar'éum.e,rv\- by an infinikesimed  amaunk
adx.

= What if we chamaec\ X \97' & finike  amount”
If we move from X, to X +Dx ‘hen 4+
Clnanae_ in F(x) s iven b\/ the TaYLOZ SERIES
You learred  alosut in Caledos:
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}F(Xo> + 'd—?_(ﬁ, AX +
C[X %5

fog)
"F(x)
= (%) E = f_j__:f———
?XQ - =1 ! d X"

~ ln +he limit +hat AX — Adw  becomus inptni+-€$'l—-
mel  we  think  of ([dx)t, (d¥)7, el as esentially
being Zero  and  we're  just left Wit

Flx vdx) = Tl + dFE)

— Now lets Sy wWe have o funchorn of two
Variabls © alx, yv). How does i+ c\nomgz & we
move  Bom  Fhae 'l;oifll;’ (¥0,¥Y5) 4ot Loy
Pon’ﬁ'/ (Xo+d><, Yo +dy> y

—~ Since  Fha points  are infinitesimally = clome to-
gd—h,e,r) +ie Chan%e n h sheld aleo be
in FiniFesimal: proportional  to dx or dy.



we.  moved Hom Xo o ¥g+dx  buk kep’c——

Constart;,  +hen 1 would c\nan%e lou(

\/\(xo-dx,.\/a) = n{xX, | v ) & Ehlxgy) dx
ox (\(w‘/o)
"lcaw'lée, i w oV ‘\r'\Tvn’l \/’o o yo l—Cl7/ bok
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= éome_-\—'mus el 6iwq>\\'Cx/ ow~ exfpre%ims Ce
bit £ jJust write

2 2h
ah = m(der ayd\/

This ruans  +Hie samec Hnmé as loelore, wWelre

Juel— re_'F\aclné \h(x)y), ~/ ! s tle CXPK&%!W\&
aren't so cumloersona.

- Based oa Jump b onc Variabll o two
oo Can 'Proba\oky av{% how we wrike 4+
differenhial of o fwiction Fhat d.c,Pends on
Ehwree o more voarcioblus :

dgloy ) = ?3—;"’&) i P e b""“dy p 230t 4o
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- In physics  we often work with Vecroe
Funecmons. For exomple ;o mrgI/H— have O
force ﬁ(x,y) it Mazn‘nbc(k ord lo~ direchon
+hak Chomaés Fom Ponnjc— o poink  in +he
X-y planc:
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Some  fmchon of x£y othec  fchon oF X 2 v

= \/\IVlaF is Huw dFferential of éowu_—\'hir\% like
Has?



|+s sk ke oy othuer  Fwmchen of ¥ g \I/', | £
we wmove  oum ()(o,\/o) +o {Yo*"d¥> \7/°>) OW\\/
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YO\J Coul d o\eo v\[ri{—e_ -H/‘l'ls os

= - @F;(x;y) ?F; ()(JY) ~

i ( OF, Ixy) BN

DF, (xy) W
2% +’T§¥7/_Xy—d7>7/

= C“:X(X,)D;( r CH:;,(X,y);/

Ouw- First expression Lon c\—\f(x,70 | cokecl ComP\iCal—ec(,
bob  i+s Fi samw dh = My dx + "’l"/a\/ dy as lze-
fove o/ replaced by E-

L'(lcew[se, O Second exy(e%im £ C\E (\,Jlft‘;cln 1%
identical to e Qb yusk or-aa\m%ed)d}(:@crw#ly>
Mmakes  sense  wWhen wWe dhink of F Qhan%r\_%
ble +e two fuachims T € 1—/7, Lts  comportants)

C\naw%e_ . Fj(x,y > F ()

EJLAM%LE: \‘f(x,\/? = '(7”“_27,2._4)‘;( + Tyg—4x?>§
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- Renumber +hol e A Fferentiald

of o veckn
FPriction s @lse

o Vect ln +his last ex -

C«‘-MPLA_ we.  had

=

F()(,\/)
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(3% + 2yt ) %« (y3-dx)y

d F (X)‘/)

1

(3xaredy dy)x + (- ‘3><d><¥;7'1d\/>9
| | \) \ \)
Tl ¥~Comp. OF aF The N~ Comp. ot d¥F
s AFx (), 1S c:\l—’y(x»ﬂ'

\

= Wl AE Yoo ore Fhe point (Xo1Y,)= (1,-2)

é move Yo  an mﬁin\%ee‘.mallx/ Wacoy  poink

(Lrdx,-Z+dy) +he vecks ﬁ c,lnan%es by

d?'—(\rl> = (%dx»%dy)ﬁ o (—3d><4— \’Ld7/>;/

— Whether 1we're NOrl/,iné Wit secalar fanchons
like 00 or hix,y) [ & Bmchon that talws 4 o
More aréjum,wdfs £ returns o number) |

oV
vector fRwvchons like —Filx,y), e diffecenhal
means  Hhue some  thing . T ddls us abat

+he small dncmée i1 Haadk qUanF\Fy Ls nen

ifs ar‘aum,em@ alf!an%e )o\-/ o infini tesinnocl

comount -

— Since wWe %e,i—— Aifferentials

bx/ —l—alplné clL miv—
a./\"l\/{S

, We  Con Fhink of ‘d’ ge $vau_—\’1/li.n.é
we do Ao oo fuachoer tHhol Pllaws e

some  rules s derivahives.
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d (F?h-a A HE R
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< St ¢ L Yeopucr /LEBniz YolE
(R 1= dF &+ 3 AL
(2) d(F(g)) = aF dq - Cpain Bule
< d%— (<} 1
ExAMPLE : Flx)= x* £ q0x) = Cos X
Z
d ‘33(3(%)) Lo (569 ! dg(x) = Za(m dg ()
ugt‘-\)
= Ztosy » (—sinx) dx
= — L cos X sm¥ Aw
=+ 3(7,)) = Coslx dlfc,osz>0 = L cosx dlcos®)
0 — Zcosx sinX d¥ \/
Lets pok o Cero of e thinse we've  Seen bo—
ﬂe_HfLM in o example
EXAMPLE ; lnstead of USIrS, Cortesian  coords X
5', v o describe e 'l:alaM_ We¢ Con Uar Folae
C 602D ATES £ d. They gre reloted o
£ v by
{ /
X(p, @)= p cos £ps 00
il g = P sng e L7
Find +he Aifferentic! of +he Pozimons VeECTOR
T’i = ¥ )/2 - 7/ ; in 'Po|ar' coordinot€s




rE XX F i ::ftms¢>?+f$lﬂ¢/§’
dr = 25 dp + oF a
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o = ' =
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+ (sm;ﬁ df) + C.os;glé d¢) v/
- Ae pock of Fhat exomple wWe worked ouk  dwip$)
ond dvled :
[ TS
dx = cosd dp - I sin ¢ dCIZ;
dy = sind dp + p cos & A
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- Onc logk exomple!

F E&AVJPLé ;. The dishwnee bl bwo  infnitesivally
%Parmkd Pl:é (x,v) f: (><+—d><)y+dy) 1%

dg = Jd><14—cly'L
by +he P\/—\'Inagor{ar\ Theorenr. |E bokn pownts
s+ on thae Cwve Yba = XZ+‘1[, wWhat  1s clS?
e wied = Ay = Zxdx

1€ (4y) i on 4l cueve \/(X)f— xErd, g Vo
move over dx in d ¥ -direchen, flun y mosk
Change by dylx) = 7w dy to sty on  fhe e,

ds = ‘/dx%dyL = dez r(Zxdy)s

as dx\/lw—lxz

WNlhat £ ot Poml’s are. on  fhue Param,d—e,ri?:cd
corve  XLlE) = tt st £ Yy = Z-tsmk 7

dxle) = 2t cost dE |- £lanb db = (Ltcest —t"smt) dt

d\{(l:) = —dt Snt - tcos\: db = - (s.nt+—’ccost) 4t

]
L ds = ((’Lt cost—tzsmt)LJ« (st + Cast>L> ; dt



