
I DIFFERENTIALS

- There's a lot of variation bit different sections

of Calculus
,
so we're going

to review a topic
that sometimes gets uneven treatment (or no

coverage at all ) .

- A DIFFERENTIAL is an infinitesimally small

change in some quantity .

- It can be something as simple as the ' dx '

that separates two infinitesimally nearby points
on the x-axis

,
or it could be the tiny

change in some function because of small

changes in its arguments .

- ( In these notes
,
words like '

tiny
' E

.

' small
' will

always mean
' infinitesimal ' in the sense you

learned about in Calculus ! )

- So what is a differential ? The 1st differential

you learned about was the DX of singlevariablecalculus .

- Consider two nearby points on the X -axis

separatedby DX : Xo and Xo t DX .

←
If we make DX Very small ,

i i > ×
the points practically sit on

Xo Xo '- DX
top of each other . When

the separation isinfinitesimal
we replace DX w/

'
dx !



- Now suppose you have some function of the

variable x .
We'll call it Flx) . It could be

X
'
or sin (4×7 or anything .

- How does the function change when we move

from Xo over to the infinitesimally nearby point
Xo t DX ?

- Since dx is
' infinitely small

'
the function F

must not change very much
, right ?

- Over that tiny distance dx bit the two

points , any well - behaved function is more

or less a straight line .
As you learned in

calc
,
the slope of that straight line is the

DERIVATIVE of Flx) evaluated at Xo .
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- Since the change in Flx ) as we move from

Xo to Xotdx is also infinitesimal , we use the

same notation we used for dx and write

dflxo ) = dI lxodx
- Now if we did this for two nearby points
X

,
and X

,
tdx we 'd likely get a different

result
,
since the derivative of Flx) probably

takes different values @ Xo and Xi :

dflx
, ) = dIl×,dx

- The DIFFERENTIAL of FIX) tells us how the

function changes when we change its argument
by an infinitesimal dx :

dflx ) =
dF# dx
dx

- EXAMPLE : FIX ) = XZ - 3×+4

ddF = 2x - 3 ⇒ dflx ) = ( 2x - 3) dx

AFG )

At x=O : DFW ) =-3 dx

¥: : : : : : :c: : : :* I
'

# I >
X

-2 - I 0 I 2 3 4

More from 0 to Otdxt I Move from 2 to

& FIX) decreases Ztdx , Fix) increases.



- The differential of a function Flx) is just the

infinitesimal change in the function when we

change its argument by an infinitesimal amount

dx .

- What if we changed X by a finite amount ?
If we move from Xo to Xot DX then the

change in f- (x) is given by the TAYLOR SERIES

you learned about in Calculus :

Flxot Dx) = Ftxo) tdI/×oDxtId
'

↳ (Dx) 't . . .

=Hxi+En÷I7 1×0×4*5
- In the limit that Ax → dx becomesinfinitesimal

we think of (dx )
'

,
(dx)3, etc as essentially

being Zero and we're just left with

Flxotdx) = Flxo ) t dflxo )

- Now let's say we have a function of two

variables : hlx, y ) . How does it change if we
move from the point (Xo , yo) to the nearby

point (Xotdx , yotdy ) ?

- Since the points are infinitesimally close

together,
the change in h should also be

infinitesimal : proportional to DX or dy .



- If we moved from Xo to Xotdx but kept

yo constant , then h would change by

hlxotdx, yo ) = hlxo
, Yo ) t Ohf× I dx

(xoxo)

- Likewise
,
if we move from yo to yo t dy but

keep Xo constant , the change in h is :

hlxo , yotdy) = hlxo
, Yo ) t %H two ,%,dY

- And if we change both ,
we get

hlxotdx , yotdy ) = hlxoilo) + %Y two,yo,d× +

no,
?×

- So the differential of hlx ,y) is

dhlx
, y ) =Ohoh dx t 0hoY dy

- EXAMPLE : hlx
, y ) = ×a÷ t Y÷ - I w/ a ,b constant

o¥=¥E⇒+¥¥J - ¥5 = #
Ohlx, y )

Ty
= 21

b'

→ dhlx,y) = dxt 2¥ dy



- Sometimes we 'll simplify our expressions a

bit e: just write

dh = 0¥ dx t 0¥ dy
This means the same thing as before

,
we're

just replacing
'

hlx
, y )

'

w/ ' h '
so the expressions

aren't so cumbersome .

- Based on the jump from one variable to two

you can probably guess how we write the

differential of a function that depends on

three or more variables :

dglx ,y,z ) = dx + 0§Y, dy + %¥ dz

- In physics we often work with VECTOR

FUNCTIONS
.
For example , you might have a

force Elx ,y ) with magnitude and/or direction
that changes from point to point in the

x- y plane :

F- (x.y ) = Fxlx , y ) I t Fylxiy ) I
-
-

The x- component is
L The y - component is some

some function of x&y Other function of X E. y .

- What is the differential of something like

this ?



- Its just like any other function of X & y ! If

we move from (Xo , yo ) to lxotdx , Yo ) , only

changing X
,
then the change in E is

Flxotdx,yo)= #Xoxo ) t two
, yo
? "

= # lfxixysx +fycx.yggg.GE#h-tBt-IFxtofI--f-x(Fxlx,y)x)tfI(Fylx,y)y) PRODUCT

X#
← RULE

--

= 0Ffx it fix.no/IIotOFffYYIytFylx,y)ooIfO=OFoxfYYLx+ot#Yy← ie: I are constant
vectors

F- lxotdx , yo) -- F-Homo ) t 4¥
,

+ %"
'

l
". .
! )

- You 'd get something similar ( involving dy e: %y )
if you move from ( Xo , Yo ) to (Xo , Yotdy ) .

'

- So the differential of F- ( x, y ) is

delay ) = ( OFfY I + OFfY 5) dx
+ ( oFy I + oFff g) dy
= DX t dy

←

Like any other function

of X e: y !



- You could also write this as

delay ) = (0t dx +OEfy dy ) I
+ ( 0FfY dx + oFfy dy ) I

= dfxlx ,y) I t dfylx,y) I

- Our first expression for delay) looked complicated ,
but it's the same dh = Ohloxdxtohloydy asbeforew/ h replaced by E .

- Likewise
, our second expression for DF ( which is

identical to the first
, just organized differently )

makes sense when we think of F changing
b/c the two functions Fx e: Fy ( its components )

change . Fxlx, -1 ) Fylx , -1 )
- -

- EXAMPLE : Elxy ) = ( 3×+242- 4) I t ( yes -4×2) I

⇐ ( Fx ) = 3 # ( Fy ) = - 8x

Ey ( Fx ) = 4y % ( Fy ) = 3y2

↳ delay ) = ( 35 - 8×5 ) dx + ( 4yIt3y2y) dy
or

= ( 3dxt4ydy)x tf - 8xdxt3y2dy)y



- Remember that the differential of a vector

function is ate a vector. In this last

examplewe had

F- Ix
, y )

= (3×+42 - 4) I + ( y 's-4×275

delay) = ( 3xdxt4ydy)xtt8xdxt3y2dy)y
XX

The x- comp . of DE The y- comp . of
dt

is dfxlxsy) . is dfylxiy ) .

- So if you are @ the point ( Xo , yo ) = ( l
,
-2 )

& more to an infinitesimally nearby point
( ltdx

,
-Ztdy ) the vector E changes by

DELI
,
-2 ) = ( 3dx - 8dy ) I t ( - 8dxt12dy)y

- Whether we're working with scalar functions

like FIX) or hcx,y) ( a function that takes 1 or

more arguments e: returns a number ) ,
or

vector functions like F- ( x, y ) , the differential

means the same thing . It tells us about

the small change in that quantity when

its arguments change by an infinitesimal

amount .

- Since we get differentials by takingderivatives
,
we can think of

' d
'
as something

we do to a function that follows the

same rules as derivatives .



(1) d (Ft g )
= DF t dg µ LINEAR

d ( Eta ) = DE + DI

(2) d ( Fg ) = DF g t F D8 } product / LEIBNIZ RULE

d (FI ) = DF I t F DI

(3) d ( Ffg ) ) = d dg )- CHAIN RULE

- EXAMPLE : Flx) = XZ & glx) = cos X

d Flglx ) ) = d(8 dgcx ) = Zglx) dglx)
dgcx )

= 2 cos x x (- sin x) DX

= - Zcosx Smx dx

Flglx)) = cos2x → d ( cos2x) = Zcosxdlcosx)

= - Zcosx Smx dx V

- Lets put a few of the things we've seen

togetherin an example .

- EXAMPLE : Instead of using Cartesian cords x

& y to describe the plane we can use POLAR

COORDINATES f e: ¢ . They are related to X

& y by

X (g. 4) = g cos of OEG E as

y Cg , ¢ )
= f Sino OE ¢ L 21T

Find the differential of the POSITION VECTOR

F = XI tyy in polar coordinates .



F = X I t y I = gcoscf I tf Sindy

de = OF dy t 8¥ dot
of

= cos ¢ I + Sindy

off = -g since I t g cos ¢ I

↳ dirty
,

= ( cos ¢ It sincfy ) df tf -gsinoxtgcoscfy) def

= ( cosy dg - g Sino dy ) I

+ ( sin of df tf cos of dot ) I

- As part of that example we worked out dxlg , 0)

and dy 19,0) :

DX = cos of df - g sin of dcf

dy = Sino dy t g cos ¢ def

Do these expressions make sense ?

y
^ (Xlpotde, Gotdot), y ( potde,¢otd0))
- %•z ←

y
.

Moving from 1 to 2 increases f
dy(So , do) µ ,

r
.

.

£ from go to go tag , then increases
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Ix (go , do ) = cos do dy - fosinoo def



- One last example !

- EXAMPLE : The distance bit two infinitesimally

separated pts (x
, y) e: (xtdx

, ytdy ) is

ds =id¥y
by the Pythagorean Theorem . If both points
sit on the curve ylx) = X2t4

,
what is ds ?

ylx) = X'+4 → dylx) = Zxdx

If IX.y) is on the curve 41×7=112+4 , E: you

more over dx in the X - direction , then y must

change by dylx) = 2x dx to stay on the curve!

ds - fixed - F¥¥x
ds = dxT¥2

What if both points are on the parameterized
curve Xlt ) = the cost & ylt ) = 2 - tant ?

dxlt ) = Zt cost dt - tant dt = (Zt cost - t'sint ) dt

dyltl = - dt Sint - t cost dt = - (smttt cost ) dt

↳ ds = ( ( Zt cost - tant)'t ( anti- t cost)
' )

""
at


